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y1, . . . , yT

yt ∼ p (yt|Yt−1, f t; θ) ,

yt N × 1 Yt−1 = {y1, . . . , yt−1}
t

p(· | Yt−1, f t; θ) θ f t

Θ F f t

θ

f t+1 = φ (ζt, f t)

φ (·) ζt Yt−1

f t
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f t

f t

f t+1 = δ + Φf t + ηt, ηt ∼ N (0, Σ) .

θ

f t

θ

f t+1 = φ (Yt, f 1; θ)

f t+1 = φ (yt, f t; θ) {yt}

f t+1 = ω + B (f t − ω) + Ast(yt, f t; θ),
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ω A B θ

ω B A

st(·)
st

st

st = St∇t, ∇t = ∂p (yt|f t, Yt; θ)
∂fᵀ

t

, St = I−k
t|t−1,

It|t−1 = E[∇t∇ᵀ
t ] = − E[∂2p (yt|f t, Yt; θ)/∂f2

t ]

k = {0, 1/2, 1}
st k = 1 B = I

k = 0

f t

f t
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yit (τi) = f1,t + f2,t

(
1 − e−λτi

λτi

)
+ f3,t

(
1 − e−λτi

λτi

− e−λτi

)
+ εit,

yit(τi) τi

t εit

λ

f t = (fL,t, fS,t, fC,t)

fL,t

τi

λ

fC,t

λ

yt = Λf t + εt, εt ∼ t (0, Σ, ν)

Λ =
[
1 1−e−λτ

λτ
1−e−λτ

λτ
− e−λτ

]
, Σ = diag

(
σ2

1eht , . . . , σ2
peht

)
,
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λ

yt = Λf t + εt, εt ∼ t (0, Σ, ν)

Λ =
[
1 1−e−λτ

λτ
1−e−λτ

λτ
− e−λτ

]
, Σ = diag

(
σ2

1eht , . . . , σ2
peht

)
,
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yt p × 1

ν

Σ

ν

σ2
i

σ2
12m = 1

∇f t
= νp [ν + kt]−1 ΛᵀΣ−1εt, Iff = νp [νp + 2]−1 ΛᵀΣ−1Λ,

∇ht = 1
2

(
νp [ν + kt]−1 kt − p

)
, Ihh = 1

2 [νp + 2]−1 νp,

kt = εᵀ
t Σ−1εt νp = ν+p Ifh = 0

∇f t
= ΛᵀΣ−1εt, Iff = ΛᵀΣ−1Λ,

∇ht = 1
2 (kt − p) , Ihh = p

2 .

A B

A
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f t

yt = Λf t + εt, εt ∼ t (0, Σ, ν)
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Λ =
[
1 1−e−λτ

λτ
1−e−λτ

λτ
− e−λτ

]
, Σ = DtRDt,

Dt R

i D2
t d2

it

d2
it = ehit hit

R = I

p

R = (1 − ρ)I + ριιᵀ −(p − 1)−1 < ρ < 1

θ

Σ

Σ

∇f t
= ν̄ΛᵀΣ−1εt,

Iff = 2ν̃ΛᵀΣ−1Λ,

∇v(Σ) = K
(1

2ΣΨᵀ(Σ−1 ⊗ Σ−1) vec(ν̄εεᵀ − Σ)
)

,

Iv(Σ) v(Σ) = K (Σ) K (Ω + bcᵀ) K (Σ) ,

v(Σ) Σ

⊗ Ψ

Ψ v(Σ) = vec(Σ)

Ψ+ = (ΨᵀΨ)−1 Ψᵀ νp = ν + p kt = εᵀ
t Σ−1εt ν̄ = νp[ν + kt]−1 ν̃ = νp[2(νp +
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2)]−1 Ω = ν̃Ψᵀ(Σ−1 ⊗ Σ−1)Ψ Ω−1 = ν̃−1Ψ+(Σ ⊗ Σ)Ψᵀ
+ c = Ψᵀ vec(Σ−1)

b = [2(νp + 2)]−1c K(·)
Σ

ν̄ = 1 ν̃ = 1
2

A B

A B

f t

hit

A B

hit

t

ν
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A

Σ = σ2I

19NBP Working Paper No. 258

Analysing score-driven dynamic Nelson-Siegel models



� �

�
�

�
� �

�
� �

� �
� � �

Σ = diag(σ2
1, . . . , σ2

p)
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ρ

� � �
� �

� �
�

� �
�

� �
� �

�
�
�

ρ

� � �
� �

� �
�

� �
�

� �
� �

�
�
�

ρ

� � �
� �

� �
�

� �
�

� �
� �

�
�
�
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t − 1
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λ
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×
×

×
×

×
×
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n
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t = T M yi,T +1, . . . , yi,T +n

n

{∇t}

M n
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t = T

n

M

st

sT +k = I−1
T |T −1 I

1
2
T |T −1 I− 1

2
j|j−1∇j︸ ︷︷ ︸

︸ ︷︷ ︸
︸ ︷︷ ︸

= I− 1
2

T |T −1I
− 1

2
j|j−1∇j,

sT +k+1 = I− 1
2

T |T −1I
− 1

2
j+1|j∇j+1,

j T − n ≥ j ≥ 1

f t
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M = 2000
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ν = 26.38

ν = 24.42

ν = 18.04
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ν

λ
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t

y tν (μ, Σ)

Γ
(

ν+p
2

)

Γ
(

ν
2

) (νπ)− p
2 (|Σ|)− 1

2

[
1 + 1

ν
(y − μ)ᵀ Σ−1 (y − μ)

]− ν+p
2

,

μ Σ ν

p

μ = Λf t

lt = log
[
Γ

(
ν + p

2

)]
− log

[
Γ

(
ν

2

)]
− p

2 log (νπ) − 1
2 log (|Σ|)

− ν + p

2 log
[
1 + 1

ν
(yt − Λf t)

ᵀ Σ−1 (yt − Λf t)
]

f t εt = yt − Λf Kt = Σ− 1
2 εt

∂l

∂f
= −ν + p

2

[
1 + 1

ν
εᵀ

t Σ−1εt

]−1 ( 1
ν

)
(−2) ΛᵀΣ−1εt

Kt ∼ tν (0, I) Kt
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= (ν + p)
�
ν + εᵀ

t Σ−1εt

�−1
ΛᵀΣ−1εt

= (ν + p) [ν + Kᵀ
t Kt]−1 ΛᵀΣ− 1

2 Kt;
∂2l

∂f 2 = (ν + p)
�
ν + εᵀ

t Σ−1εt

�−1 ∂

∂f

�
ΛᵀΣ−1εt

�

+ (ν + p) ∂

∂f

��
ν + εᵀ

t Σ−1εt

�−1
�

εᵀ
t Σ−1Λ

= (ν + p)

⎧⎪⎨
⎪⎩

2ΛᵀΣ−1εtε
ᵀ
t Σ−1Λ�

ν + εᵀ
t Σ−1εt

�2 − ΛᵀΣ−1Λ
ν + εᵀ

t Σ−1εt

⎫⎪⎬
⎪⎭

= ν + p

ν

⎧⎪⎨
⎪⎩2

1
ν
ΛᵀΣ− 1

2 KtK
ᵀ
t Σ− 1

2 Λ
�
1 + 1

ν
Kᵀ

t Kt

�2 − ΛᵀΣ−1Λ
1 + 1

ν
Kᵀ

t Kt

⎫⎪⎬
⎪⎭ .

ft − ft I
Iff = − E

�
∂2l
∂f2

�

Σ

xi = �
i D (θ) xi i

D

θ y = �
i..jD (θ) y

{xi..j} Λ Σ Σt

t

E

⎡
⎢⎣

1
ν2 KtK

ᵀ
t�

1 + 1
ν
Kᵀ

t Kt

�2

⎤
⎥⎦

E
�

1
1 + 1

ν
Kᵀ

t Kt

�

1
ν
Kᵀ

t Kt F

Kt

xi = �
i B (α, β) , yj = �

j B (α, β) zi = �
i B (α, β) xi yj

α β xi zi
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εt Γ
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v
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v
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1 + 1
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⎣1 +

�
�

p+1
Γ

�
v

2 , 2
� �−1 p�

i=1

�

i
Γ

�1
2 , 2

� ⎤
⎦

−1

=

�

p+1
Γ

�
v
2 , 2

�

�

p+1
Γ

�
v
2 , 2

�
+

�

1..p
Γ

�
p
2 , 2

�

=
�

1..p
B

�
v

2 ,
p

2

�

E()= ν
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i Γ(αi,β)
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BLL
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BSS

BSC

BCL

BCS

BCC

ω3m

ω6m ω3m ω3m

ω9m ω3m ω3m

ω12m ω3m ω3m

ω18m ω3m ω3m

ω24m ω3m ω3m

ω36m ω3m ω3m

ω60m ω3m ω3m

ω84m ω3m ω3m

ω108m ω3m ω3m

ω120m ω3m ω3m

A3m

A6m A3m A3m

A9m A3m A3m

A12m A3m A3m

BSS

BSC

BCL

BCS

BCC

ω3m

ω6m ω3m ω3m

ω9m ω3m ω3m

ω12m ω3m ω3m

ω18m ω3m ω3m

ω24m ω3m ω3m

ω36m ω3m ω3m

ω60m ω3m ω3m

ω84m ω3m ω3m

ω108m ω3m ω3m

ω120m ω3m ω3m

A3m

A6m A3m A3m

A9m A3m A3m

A12m A3m A3m
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ω9m ω3m ω3m

ω12m ω3m ω3m

ω18m ω3m ω3m

ω24m ω3m ω3m

ω36m ω3m ω3m
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ω120m ω3m ω3m

A3m
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A18m A3m A3m
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A84m A3m A3m

A108m A3m A3m
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B12m B3m B3m

B18m B3m B3m

B24m B3m B3m

B36m B3m B3m

B60m B3m B3m

B84m B3m B3m

B108m B3m B3m

B120m B3m B3m
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A24m A3m A3m

A36m A3m A3m

A60m A3m A3m

A84m A3m A3m
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3m
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6m σ2

3m σ2
3m

σ2
9m σ2

3m σ2
3m

σ2
12m σ2

3m σ2
3m

σ2
18m σ2

3m σ2
3m

σ2
24m σ2

3m σ2
3m

σ2
36m σ2

3m σ2
3m

σ2
60m σ2

3m σ2
3m

σ2
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3m σ2
3m

σ2
108m σ2

3m σ2
3m

σ2
120m σ2
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3m

ρ

σ2
3m

σ2
6m σ2
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3m σ2
3m

σ2
18m σ2
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σ2
60m σ2
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3m

σ2
120m σ2

3m σ2
3m
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