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Foreword

Foreword

The problem of economic growth is one of the fundamental fields of research
in the theory of economics. Its essence is searching for answers to multiple
questions about the causes and mechanisms of economic processes which
lead to large cross-country differences in wealth between different countries
and regions.

The classical convention in this type of research is to identify the deter-
minants of growth and their impact on economic growth. This book con-
centrates on two basic factors of growth — human capital and technological
progress, which supplement physical capital and labour. This choice is pur-
poseful  human capital and technological progress are considered to be
increasingly important from the point of view of economic growth and de-
velopment. Focusing on these two factors of growth, with particular interest
in technology diffusion, does not mean that one can not take into account
such factors as: social, intellectual or cultural capital, institutions etc. On
the contrary, it opens up new possibilities for research on economic growth
and development.

This book is an interdisciplinary thesis on mathematical theory of eco-
nomic growth and it is well-founded in the contemporary international eco-
nomic literature. Its distinctive features are: innovativeness, originality, com-
plexity and diversity of research tools, good choice of sources and statistical
data and the use of original algorithms and software for empirical research
and analysis of the considered models.

The Author has a profound knowledge on the contemporary economic
growth theory and the rare abilities to creatively extend and apply the mod-
els and research methods originating from physics to economic phenomena.
He formulates interesting and deep conclusions, but at the same time shows
rational criticism towards his results.

The book should find due place in the world economic literature as a
source of inspiration and an important contribution to the discussion on the
choice of models, methods and techniques of interdisciplinary research on
economic growth and development.

Krzysztof Malaga

Poznan University of Economics
Chair of Mathematical Ficonomics

National Bank of Poland



Introduction

Introduction

One of the most important questions of economics is the question about the
nature and mechanism of economic growth. Very large differences in wealth
across countries are an uncontested empirical fact. In the richest countries
of the world the income per capita is more than a hundred times higher than
in the poorest countries. What is the reason for this?

Such questions have been asked already by Adam Smith in ”An Inquiry
into the Nature and Causes of the Wealth of Nations” [72]. Smith claimed
that the wealth of nations depends on the productive force of labour and
the fraction of workers employed in productive sectors [54]. Both of these
factors depend on the accumulation of capital. The output of the economy is
divided between consumer goods and the accumulation of capital. The more
output to the latter; the higher the growth rate of the economy. Moreover,
to ensure an efficient capital accumulation, free market, private equity and
unequal division of production are also vital.

The contemporary theory of economic growth was born in the 20th cen-
tury, when Adam Smith’s ideas were formalized, i.e. expressed in the lan-
guage of mathematics. The pioneers of this area were Ramsey [65] in 1928
and Solow [73] and Swan [76] in 1956. In the models introduced by them,
the key mechanism, i.e. the mechanism that ensured a balanced growth
of quantities under consideration, was physical capital accumulation. Such
mechanism can not, however, explain the phenomenon of economic growth
perceived as the growth of output per worker. The emergence of economic
growth is possible if we assume the existence of an additional production
factor  knowledge embedded in technology (technological progress) or in
human capital.

A commonly shared point of view is that the role of technological progress
and human capital for long-term economic growth is of utmost importance.
However, there is no common answer to the question how to take these
factors into account when constructing actual models. In other words, the
mechanism of human capital accumulation and technological progress is not
known.

The simplest approach to technological progress is the assumption of
exogenous technological progress. Tt can not, of course, elucidate the mecha-
nism of technological progress, but it is capable of explaining the growth of
per capita output in the Ramsey-Cass-Koopmans and Solow-Swan models.

In the 1980s, there have been first attempts at endogenizing technological
progress and human capital accumulation. As the pioneers of this branch of
economic growth theory, one considers Romer [67], [68] and T.ucas [56]. The
concepts introduced by them are now the basis for most of analyses of the
role of technological progress and human capital for economic growth.

Since then, there have also been propositions of new models of these
growth factors, especially ones trying to unify human capital and techno-
logical progress into a consistent framework. It seems reasonable now to
name the crucial ideas of contemporary theories of technological progress
and human capital.

The development of technology is usually modelled as the result of the
so-called research and development (R&D) expenditures, i.e. it stems from
deliberate human activity aiming at new technological solutions, which in-
crease the efficiency of production. In addition, one often considers the trans-
fer of technology (technology diffusion) among countries. It is quite common
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that some effective technological solutions (e.g. a computer) invented in one
country are transferred or imitated in other countries. Therefore, low expen-
ditures on R&D do not have to mean that the rate of technological progress
has to be low. The pioneering work on technology diffusion was the one by
Nelson and Phelps [61] in 1966.

On the other hand, the theory of human capital describes the accumu-
lation of human capital as a result of two types of activities. First, there are
deliberate investments in human capital, through schooling and training.
Second, human capital is also accumulated on-the-job as the worker gains
cxperience from doing his job.

The aim of this book is to consider various ways of theoretical modelling
of technological progress and human capital in the context of the theory of
economic growth. We will examine the consequences of different views on
these concepts and we will analyze economic growth models which employ
them. We will consider neoclassical models of economic growth, which orig-
inate from the Solow-Swan model, and endogenous growth models, in which
economic growth results from some endogenous mechanisms, and also vari-
ous modifications of these models. We will also propose an alternative way of
modelling economic growth with the use of simulational models, employing
the Monte Carlo simulation method.

An important part of this work is empirical research. The availability
of statistical data made it possible to perform all analyses for the OECD
countries in 1981-1999. The basic method of empirical verification that will
be used throughout the book is the calibration of parameters of analyzed
models. The essence of this method is to adjust a parameter or a group
of parameters of a model in such a way that the resulting dynamics of
some variable of the model (e.g. technology level, physical capital or output
per worker) closely resembles empirical dynamics. The standard measure of
adjustment in this work will be the mean absolute error, i.e. the average of
absolute values of the difference between the model and empirical values.
The calibration experiments will be conducted in two ways. Firstly, we can
assume that some parameters of a model are equal in all countries. Thus,
we can calibrate the value of this parameter in one country and then we
can examine the dynamics of the model for other countries, having set the
value of the parameter to its calibrated value. Secondly, if we presume that
the value of some parameter is different among countries, we can calibrate
this parameter for every country and draw conclusions from the calibrated
values (e.g. the calibrated value of a diffusion parameter can tell us about
the strength of technological diffusion processes in different countries).

The structure of the book is as follows.

In chapter 1 we will review the current status of economic growth the-
ory. We will show the mechanisms of economic growth in neoclassical models,
starting from the Solow-Swan model and its modifications. We will also ana-
lyze the most important models of human capital and technological progress,
which will be the basis for further considerations.

Chapter 2 will be devoted to the Manuelli-Seshadri model, which is
one of the most advanced theoretical descriptions that deal with the human
capital accumulation mechanism. The key element of this model is the qual-
itative aspect of human capital. Taking this aspect into account allows for a
much more realistic modelling of this type of capital. The Manuelli-Seshadri
model will also be analyzed empirically for the group of the OECD countries
and we will reflect over the role of human capital in these countries.

National Bank of Poland



Introduction

In chapter 3 we will show that much more satisfying results can be
obtained if we add technological progress to the Manuelli-Seshadri model.
We will also formulate and examine technological progress models with tech-
nology diffusion. All of the models will be verified empirically for the group
of the OECD countries and we will conclude about the role of technology
diffusion for economic growth in these countries.

In chapters 4 and 5 we will introduce the simulational approach to
technological progress and the whole economy. We will start with theoreti-
cal principles of the Monte Carlo method and move on to two simulational
models of technological progress with technology diffusion and two economy
models with the key role of technological progress and human capital. We
will explain the essence of the simulational approach to the modelling of
economic phenomena, which consists in the analysis of a group of heteroge-
neous economic agents with the help of computer tools. All of the models
will also be verified empirically and we will draw conclusions about the use
of this kind of models.

Finally, in the conclusion we will gather the most important conclusions
from the analyses and we will discuss the possible directions for further work.

This book has been based on the Ph.D. thesis, defended at the Faculty
of Economics of Poznari University of Economiecs in 2007'. T would like to
thank my Advisor, Prof. Krzysztof Malaga for arousing my interest in eco-
nomic growth theory and his constant and kind support and advice. I have
also greatly profited from the weekly discussions at the Chair of Mathemat-
ical Economics seminars supervised by Professors Emil Panek and Zbigniew
Czerwiniski. I also thank Agnieszka and my Parents, to whom I dedicate this
book.
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Review of economic growth, human capital, and technological progress model

Chapter 1

Review of economic growth,
human capital, and
technological progress models

In this chapter we will review the neoclassical models of economic growth,
with particular interest in models employing the notions of human capi-
tal and technological progress. We will begin with the Solow-Swan model,
which is the starting point for most of the contemporary considerations on
economic growth.

1.1 The Solow-Swan model and similar models

1.1.1 The Solow-Swan model

This model has been proposed simultaneously by Solow [73] and Swan [76].
They considered the accumulation of a single aggregated good, whose pro-
duction level is denoted by Y (¢). A fraction of production sY'(¢) is saved
(hence the parameter s is called the savings rate) and the remaining part
((1 —s)Y(t)) is consumed. The accumulation of physical capital K(t) is
given hy the following equation!:

K(t) = sY(t) — 0K(t), (1.1)

i.e., the net increase in physical capital is equal to the difference between
the saved part of production (investments) and the depreciation of physical
capital (with a constant depreciation rate §).

There are two factors of production in the model — physical capital K (t)
and labour L(t). The production Y (¢) that can be obtained from a given
combination of physical capital and labour is given by the production func-
tion:

F(K(t),L(t)) =Y(¢). (1.2)

We assume that the production function is homogeneous of degree 1 (there
are constant returns to scale) and the population (the labour force) grows
with a constant rate n:
L(t) = Loe™, (1.3)
where Lg is the initial population.
Let us introduce a new variable k(t) = K(t)/L(t), i.c. physical capital
per unit of labour. We have:
k(t) K(t) L) sY(t
Q:—()——():s ()—(n+6). (1.4)
k(t) K(t) L(t) K(t)
Constant returns to scale mean that F(K, L) = LF(K/L,1) = Lf(k), hence,
if we multiply equation (1.4) by k(t), we obtain:

LAll quantities with a dot denote the time derivative.
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k(t) = sf (k(t)) — (n+ 0)k(t). (1.5)

Equation (1.5) is a differential equation in one variable k().

Let us now assume that the production function is differentiable, increas-
ing, has decreasing marginal products to capital and labour (i.e. the second
derivatives with respect to K and L are negative) and satisfies the Inada
conditions?®:

DTl ¥ A (1.6
F F
lim 0 lim 0 0. (1.7)

K—o0 ﬁ - L—oo ﬁ -
The production function which satisfies all of the above assumptions is called
the neoclassical production function?.

Figure 1.1: The steady state value of physical capital p.c. k* in the
Solow-Swan model

(n+3)k

sf(k)

In Fig. 1.1 we show the graphical illustration of eq. (1.5). The straight
line expresses the effective depreciation of physical capital with a rate n+ 4§
and the curve sf(k) denotes the saved fraction of production for an ex-
emplary neoclassical production function. The balance of these two effects
determines the so-called steady state of the economy®. Tn this state, the net
increase in physical capital per capita (p.c.) is zero (k = 0), i.e. the physical
capital grows with the same rate as the labour force (n). The steady-state
(or stationary) value of physical capital p.c. is denoted k* on the plot. The
steady-state increases in consumption p.c. ¢(t) = C(t)/L(t) and produc-
tion p.c. y(t) = Y (¢)/L(t) are also zero, thus the total consumption and
production also grow with rate n. Later in this book we will use the term
steady-state in a similar fashion, i.e. it will describe a situation when all the
rclevant variables grow with the same rate.

If k # k*, physical capital p.c. will not be constant (k #0) if k< k¥,
investments will be larger than depreciation and physical capital p.c. will
grow until it reaches the stationary value; if £ > k*, then depreciation will

2For the sake of simplicity, we sometimes leave out the arguments of functions, i.e. we
denote K(t) = K, L(t) = L, etc.

3By neoclassical production function we also mean a three-factor function (usually
with human capital as the third factor), which is continuous, differentiable, increasing,
has decreasing returns to all factors of production, but constant returns to scale and
satisfies the Inada conditions for all factors.
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be larger than investments and physical capital p.c. will decrease towards
k*. This means that the steady-state in the Solow-Swan model is stable, i.e.
deviations from this state will push the economy towards this state.

An important property of the Solow-Swan model is the lack of depen-
dence of the growth rate of p.c. values (production, consumption, physical
capital) on the technology of production (i.e. the form of the production
function) and on the parameter values — growth rate of population, sav-
ings rate and depreciation rate. Thus, the sustainable growth of per capita
variables is not possible (the growth rates of these variables are zero in the
steady-state). In this way, this version of the Solow-Swan cannot be used to
model the long-term economic growth. Changes in the parameter values (n,
s, 8) can only lead to a change of the stationary value of physical capital
p-¢., production p.c. and consumption p.c.. If then the values of k, ¢ and y
are not equal to their steady-state values, the adjustment process towards
these values will take place.

1.1.2 The Cobb-Douglas production function

The most widely used neoclassical production function is the Cobb-Douglas
production function [24] of the following form:

F(A K L)=AK*L'"?, (1.8)

where A > 0 denotes the level of technology and o € (0,1) is a constant.
The notion of the Cobb-Douglas production function is sometimes ex-
tended to all multiplicative production functions of the form:

F(AK,L) = AK°LP, (1.9)

where a € (0,1) and 8 € (0,1) are constants”. If a + 3 < 1, we have
decreasing returns to scale, if a + 8 > 1, we speak of increasing returns to
scale, and the case a + [ = 1 is the classical Cobb-Douglas function with
constant returns to scale.

In the book, the Cobb-Douglas and multiplicative (1.9) production func-
tions are the basic functions used in the analyses.

1.1.3 The Solow-Swan model with technological progress

One of the easiest ways to take economic growth into account within the
framework of the Solow-Swan model is to introduce the time dependence in
the production function:

Y(t) = F (K(t), L(¢), 1), (1.10)

which is equivalent to assuming ezogenous technological change. The form
of eq. (1.10) determines the character of technological progress. One usually
distinguishes three cases (Barro, Sala-i-Martin [9]):

e Hicks-neutral technological change [39]:

F(K(t),L(t),t) = AL F (K(t), L(t)), (1.11)

4Formally, the two effects are also balanced for k =0 leading, however, to a trivial
steady state with zero production.

“Interpreted as the elasticities of production with respect to a given production factor.
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e Harrod-neutral technological change [37] (also called labour-oriented):
F(K(t), L(t),t) = F (K(t), A(t) L(1)) , (1.12)

e Solow-ncutral technological change [74] (also called capital-oriented):

F(K(t),L(t),t) = F (A®)K(t), L(t)) (1.13)

where the function A(t) is called the technology index and can be inter-
preted as e.g. the accumulated knowledge, useful from the point of view of
production processes.

In the original paper by Solow [73], the Hicks-neutral technological prog-
ress is considered. It is possible to show (e.g. Jones, Scrimgeour [47]) that
in the case of the Cobb-Douglas production function (used by Solow), the
forms (1.11), (1.12) and (1.13) of technological progress are equivalent. In
the further course of this chapter we present the analysis of the Solow-Swan
model with Harrod-neutral exogenous technological progress. Assuming this,
we can proceed with any neoclassical production function — one can show
that if technological progress is Harrod-neutral, then a steady-state exists in
the Solow-Swan model (e.g. Jones, Scrimgeour [47]).

The physical capital dynamics equation takes the form:

K(t) = sF (K(1), A(®)L(£)) — 0K (1), (1.14)
where the exogenous technology growth rate equals g, i.e.:
A(t) = A(0)e%, (1.15)

and the growth rate of population equals n.

Let us now introduce new variables (variables per effective unst of labour):

k(t) = %7 (1.16)
o) = A(f)(z)(t)’ (1.17)
a(t) = %. (1.18)
We then have: . .
o _ko_,_, 1

g(t) = F (k(t), 1) = f (k(t)) . (1.20)
Substituting now eq. (1.14) into eq. (1.19) and taking eq. (1.20) into account,
we obtain an equation analogous to (1.5):

k() = sf (K(t)) — (g +n + 8)k(2), (1.21)

which is a differential equation in a single variable l%(t) The graphical illus-
tration of this equation is also analogous instead of physical capital p.c.
k(t) one has, however, physical capital per effective unit of labour in Fig.
1.1 and the effective depreciation rate is g +n + 4§, and not n + 4. Thus, one
obtains the value of physical capital per unit of effective labour unit E* in
the steady-state.
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In the steady-state, the per unit of effective labour quantities are con-
stant 1;* ¢* and §*. This means that the p.c. variables (k, ¢ and y) grow
with the rate g. In this way, we have economic growth in the economy under
consideration, where we understand this growth as the growth of production
per capita. Economic growth in such model is fully exogenous and the growth
rates of technology and production are equal to each other. This model does
not tell us anything about the source of technological progress — therefore
it contributes relatively little to the comprehension of the essence of the
phenomenon of economic growth. Its value in the analysis consists in estab-
lishing the framework for the discussion on economic growth. Tt also enables
empirical analyses, which are usually performed with the Cobb-Douglas pro-
duction function of the form (1.8) and with the production p.c. dynamics
equation obtained by substituting k* in the steady-state:

R s 1/(1—a)
= <7> (1.22)

g+n+o

into the production function (1.8) and taking the logarithm:

(0%

Iny(t) = In A(0) + gt — 1 In(g+n+9)+ 1 a

— —

Ins. (1.23)

Most of the economic growth models that emerged after the Solow-Swan
model refer directly or indirectly to this model, making it thus still the frame
of reference in the discussion on economic growth.

1.1.4 The AK model

The simplest model of endogenous economic growth, i.e. growth whose de-
terminants are included in the model, is the so-called AK maodel®. Here, we
will analyze the simplest of a group of AK models, all of which have constant
marginal products of physical capital. The production function is:

F (K(t),L(t)) = AK(t), (1.24)
where A > 0 is a parameter, which can be interpreted as the level of tech-
nology.

Production per capita is:

y(t) = [ (k1)) = AK(0), (1.25)
and the physical capital p.c. dynamics equation takes the form:

% =sA—§—n. (1.26)
This means that if the growth rate of physical capital p.c. is constant and
equal to sA—§—n > 0, then the physical capital p.c. and production p.c. will
grow we will therefore have economic growth even without technological
progress. The growth rate of physical capital p.c., thus also of production
p-c., does not depend on the level of physical capital — the economy always
grows at the same rate, which depends only on the exogenous parameters s,
A, 6 and n.

SIf we take the elasticity with respect to physical capital in the Cobb-Douglas produc-
tion function equal to 1, then such production function describes production processes for
which the production Y (¢) is a linear function of the physical capital K(¢). This means
that there are constant returns to scale with respect to physical capital.
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Solving the differential equation (1.26), we get the expression for the
time dependence of physical capital and production p.c. If the initial value
of physical capital is k(0), the production p.c. at time ¢ is given by:

y(t) = Ak(0)elsA—0=mt, (1.27)

The source of economic growth in the AK model is the absence of de-
creasing marginal productivity with respect to physical capital. This suggests
that this capital should be interpreted broadly not as pure physical capi-
tal, but rather as the sum of physical and human capital. The assumption of
non-decreasing marginal productivity with respect to physical capital does
not seem to be plausible. Similarly as in the Solow-Swan model with tech-
nological progress, the source of sustainable economic growth is the growing
knowledge resource, embodied in technological progress (in the Solow-Swan
model) or in human capital (which emerges indirectly in the AK model).

1.1.5 The Ramsey-Cass-Koopmans model

In this subsection we will deal with the Ramsey-Cass-Koopmans model [65],
[20], [49] in which the savings rate s, the key parameter in the Solow-Swan
model, is determined endogenously as the result of rational behaviour of
households who optimize their activity.

We consider a representative household, whose members want to maxi-
mize the total utility of the household — their own utility and the utility of
future generations, who will be the members of the household in the future
(in infinite time horizon). The total utility U of the household at the initial
moment is given by the expression:

U(0) = /0 T (e()) ey, (1.28)

where u (¢(t)) denotes the instantaneous utility function for consumption
p.c. c(t) at time ¢, p > 0 is the discount rate of the household, n > 0 the
growth rate of the household’s population (we assume that L(0) = 1, i.e.
L(t) = e™). The effective discount rate is p — n, because the household’s
utility comes also from the consumption of a growing number of people who
form it. We assume that p > n, i.e. the effective discount rate is p —n > 0.
About the instancous utility function we assume that it is increasing, twice
differentiable, strictly concave (u'(c) > 0,u”(¢) < 0) and satisfies the Inada-
type conditions:

lim v'(c) = oo, (1.29)
c—0

T
Chglgou (¢)=0. (1.30)

The production in the economy is given by an aggregative, neoclassical
production function without technological progress:

Y(t) = F (K(t), L(t)). (1.31)

Similarly to the Solow-Swan model, we define per capita variables (k = K/L,
y=Y/L=F(K,L)/L=F(K/L,1) = f(k)).

We assume that the capital and labour markets are perfectly competitive,
i.e. the return rate on capital is equal to the difference of marginal product
of capital and its depreciation rate:

r(t) = f (k(t) = 5, (1.32)
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where r(t) denotes the risk-free interest rate, § the depreciation rate of cap-
ital, and the wage per worker w(t) equals the marginal product of labour:

wi) = O ey - w0y w0

where the last equality results from the fact that constant returns to scale
imply:

OF (K(t), L(t))
IK (1)

OF (K(t), L(t))

F(K(t),L(t)) = OL(t)

K(t)+ L(t). (1.34)
This is the so-called Euler’s identity.

The representative household has assets A(t) = a(t)L(t). where a(t) are
assets p.c. The assets dynamics equation is:

A(t) = r(t)A(t) + w(t)L(t) — c(t)L(t), (1.35)

where the subsequent terms on the right-hand side represent income from
the ownership of assets, income from work and consumption expenses, re-
spectively. Using p.c. variables, we have:

a(t) = (r(t) —n)a(t) +w(t) — c(t). (1.36)

The effective return rate on assets equals r(¢)—n, since at later time moments
the assets A(t) are divided by a larger number of people L(t). We assume
that assets p.c. of a household are equivalent to its physical capital p.c. that
can be used in production. Thus:

alt) = k(t). (1.37)

We also assume: .
lim a(t)e” Jor&)=mds > g (1.38)

t—oo
which means that in the infinite time horizon the household can not have
negative assets’ (allowing for negative assets would mean that the current,
arbitrarily large consumption could be financed from future, arbitrarily large
debt, which would grow faster than r(t)).

The utility maximization problem (1.28), together with the assets dy-
namics equation (1.36) and the boundary condition (1.38) can be solved
with the optimal control techniques.

Tet us assume the CTRS® consumption function:

A0 1
u(€) =75 (1.39)

where 0 is the inverse of the elasticity of substitution between consumption

at two arbitrary time moments?.
The first-order conditions imply:

20— ()~ p). (140

"The transversality condition, which determines the solution at the final moment,
implies that (1.38) must be satisfied with equality.

8CIES Constant Intertemporal Elasticity of Substitution. The CIES function has a
constant intertemporal elasticity of substitution 1/6.

90 = —u" (c)c/u/(c).
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Using eq. (1.32), we obtain:

1
fzg(f'(k(t))—5—P)- (1.41)
Equations (1.36), (1.37) and (1.33) imply the following differential equation

for k(t):
E(t) = f (k(t) — (n + 8)k(t) — c(t). (1.49)

Figure 1.2: The phase diagram of the Ramsey-Cass-Koopmans model

¢=0
c(k)
B
C* b
k=0
[N
’

In the steady-state, we have ¢(t) = 0. The value of physical capital p.c. in
the steady-state is k* and satisfies:

f (k) =p+3d. (1.43)
The consumption in the steady-state, according to eq. (1.42), is:
= f(k")— (n+o)k". (1.44)

Fig. 1.2 shows the phase diagram of the Ramsey-Cass-Koopmans model
and illustrates the properties of this model.

1. The steady-state consumption p.c. ¢* is not the maximal level of con-
sumption that could be reached, which is due to the non-zero value of
the discount rate — the current consumption is valued more than one’s
own future consumption and the consumption of future generations.

2. There exists a line ¢(k) (the so-called stability branch) such that if at a
given time the point (k,c) lies on this curve, then the economy moves
towards the steady-state (k*,c*).

3. Tf at a given time, the point (k,c) does not lie on the stability branch,
then the economy will move towards either ¢ = 0, or £k = 0. Such
situations violate, however, the first-order conditions (k =0 = f(k) =
0 = ¢ = 0) or the transversality condition (zero consumption for k # 0
means that the household’s utility can not be the maximal one).
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Introducing exogenous technological change does not change the conclu-
sions substantially. The analyzed quantities are again the per effective unit of
labour variables and one obtains a steady-state in which the p.c. quantities
grow with the growth rate of technology.

The Solow-Swan model can be regarded as the special case of the Ramsey-
Cass-Koopmans model with a constant savings rate s. In the Ramsey-Cass-
Koopmans model, the savings rate s = 1 — ¢/ f(k) results from households’
maximization problems. In the steady-state, however, the savings rate is
constant and the Ramsey-Cass-Koopmans and Solow-Swan models are then
equivalent from the practical point of view.

1.2 Models with human capital

The models that we analyzed in the previous section do not provide us with a
satisfying answer to the question about the mechanism of economic growth.
They form, however, the basis for further considerations on economic growth.
Nowadays, the key role in economic growth is assigned to the knowledge
accumulation processes and one introduces to the analysis the notions of
human capital and endogenous technological change.

In this section we will analyze models in which human capital is the key
factor of growth. In particular, we will show the evolution of these models to-
wards the more advanced theoretical formulations, like the Manuelli-Seshadri
model, which will be the main topic of the next chapter.

One of the first economists who noticed that a human being can be
trcated as a form of capital was Adam Smith, who considered the capabilities
of the citizens of a country to be a part of the capital of this country [71].
In this way, he could explain why some nations are richer than some other.
The key idea that underlies the modern human capital-oriented economic
growth models is similar.

First attempts at a formalization of this idea emerged only in the 1950s
and 1960s in the works of e.g. Mincer [60]. Schultz [71], Arrow [3], Becker
[13] and Weisbrod [79|. In the above-mentioned papers the authors intro-
duced representative individuals who invested in their development (through
schooling or on-the-job training (learning-by-doing)) and thus improving
their value on the labour market. Human capital was therefore perceived
as the set of abilities of a worker that could be useful in the productive pro-
cesses. The workers’ gain from their improved efficiency at work is a higher
wage rate. This gain can be viewed upon as the compensation for a longer
schooling period, which entails that a person enters the labour market at
a later stage of their lives and in this way loses a part of their potential
income. The longer learning process also requires some additional expenses.
The relation between these effects is the common property of nearly all the
human capital models — human capital investments are profitable only up to
the point where its positive (higher wage rate and thus higher potential con-
sumption) and negative influence (postponed entrance to the labour market
and additional learning expenses) balance.

1.2.1 The Ben-Porath model

The Ben-Porath model [17] of 1967 is the first model in which there is
explicit human capital accumulation as the result of maximization of the
sum of discounted earnings of a representative individual. The individual
can devote their time either to work, or to human capital investments. Let us
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denote the individual’s human capital at time ¢ as H (t). We assume that the
representative individual has some initial human capital endowment H(0),
which is depreciated with rate . Human capital does not contribute to the
individual’s utility (i.e. is not an argument of the utility function), but it
influences the individual through a possible increase of wages, which can in
turn increase the consumption:

Y(t) = agH(t), (1.45)

where «q is a parameter and Y (¢) denotes the individual’s earnings at time
t. Disposable earnings E(t) are:

E(t) =Y (t) - I(t), (1.46)

where I(t) denotes human capital investments at time ¢. The human capital
production function takes the form:

Q(t) = Bo (s(t)H ()™ D(t)™, (1.47)

where Q(t) denotes human capital accumulated at time ¢, 3; are positive
parameters (81 + f2 < 1), D(t) expresses the quantity of goods used in the
process of accumulation and s(¢)H (¢) the human capital resource used in its
further production (0 < s(t) < 1). Human capital dynamics equation is:

H(t) = Q(t) — 6H(t). (1.48)

The cost of human capital investments consists of lost earnings and the cost
of goods needed in the process of accumulation (with price Py):

I(t) = ags(t)H(t) + PiD(t). (1.49)

One can easily show that the minimal investment to produce human capital
Q(t) equals:

I(t)

_Bitb (/ﬁ&)ﬁ (QU))M. (1.50)

B Baag Bo

The aim of the individual is to maximize the current value W (t) of
disposable earnings:

W(t) = /t " e (aoH(z) — 1(2)) da, (1.51)

where T is the retirement age and r the interest rate.

The maximization problem of W (t) can be solved with optimal control
techniques with the fraction of time devoted to human capital accumulation
s(t) as the control variable. The condition 0 < s(¢) < 1 specifies three phases
in the lifetime of an individual. In the first phase, the upper limit for s(t)
is important, i.e. s(t) = 1 and the whole human capital is allocated to its
[urther production. The individual does not work at this time hence this
is the period of formal education. Tn the second phase 0 < s(t) < 1, i.e. the
individual still learns, but they also use what they have learned so far in
their work. In the third phase s(t) = 0, which means that human capital
accumulation is no longer profitable and the individual can use all of their
human capital in their work. Such three phases will also be present in more
complex models, analyzed in further parts of this book.
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For the first phase, it is not possible to give analytical expressions for the
quantity of produced human capital Q(¢). The age at which the individual
starts to work (s(t) < 1) is denoted ¢* and depends on the initial conditions.
A larger initial human capital resource H(0) implies earlier entrance into
the phase when human capital is both produced and used on-the-job.

In the second phase, one defines the marginal cost of human capital pro-
duction as the derivative of the investment cost (1.50) with respect to Q(t)
and the marginal profit as the discounted value of the increase in earnings
due to the human capital investment. The optimal value of human capital
production is found by equating the marginal cost and profit related to an
additional unit of human capital:

B1+8

16,55 2 1 +B-
BoBr 1*ﬁ1*?92 Boag\ T-81-52 8 (T—t Lithy
Q(f):ﬁo< ) < ) (1_@(r+)< )) n-p
r+o B1Py
(1.52)

The form of the solution implies that human capital production takes place
for every t < T'. Hence, phase three occurs only at the point t = T.

By calculating the derivative of Q(t) with respect to time, one can show
that the rate of human capital production slows down when the individual
ages. Depending on the initial human capital and its depreciation rate, the
net increase in human capital becomes negative at a certain age (in particu-
lar, it is possible also at the initial time for some values of the parameters).

There are no direct links between the Ben-Porath model and the phe-
nomenon of economic growth. Tts meaning for the economic growth theory
consists in showing how human capital investments can be described for-
mally. The Ben-Porath model is also one of the first theoretical attempts to
show how an individual’s human capital can result from their conscious and
rational decisions (disposable earnings maximization). Similar ideas were
later used in many other models of economic growth, including the Manuelli-
Seshadri model, which is the basis for considerations in the following chapter.

1.2.2 The Lucas model

Since the late 1960s (the Ben-Porath model) until the late 1980s few original
models of human capital emerged.

A new strand in human capital research was started by Robert T.ucas’
work |56] of 1988. The author was reflecting upon a construction of a neo-
classical theory of economic growth and international trade, a theory which
would be in accordance with empirical data on economic growth. Lucas con-
sidered three models, which revealed different aspects of the issue. The most
important one is considered to be the model of human capital accumulation
through schooling. This model is in many ways similar to the Ben-Porath
model, but here human capital is an important factor of economic growth.
T.ucas referred to the models of Solow [73], Schultz [71]. Becker [13] and
Uzawa [78].

Human capital was understood as the overall abilities of an individual
which influenced their productivity.

T.ucas considered an economy, in which the number of workers grows
cxogenously with a constant rate A > 0:

N(t) = N(0)eM. (1.53)

National Bank of Poland



Review of economic growth, human capital, and technological progress model

Every worker is endowed with some resource of human capital h(t) € [0, 00).
A worker with human capital h(t) allocates a fraction u (h(t),t) of their
time for current production and the remaining fraction 1 — u (h(t),t) for
human capital accumulation. The effective labour force N€¢(t) depends on
the quantity of the workers’ human capital and on how it is allocated:

Ne(t) = /O T w (h(t), £) N(h, Oh(t)dh(t), (1.54)

where N (h,t) denotes the number of workers with human capital h at time
t.
The average human capital per worker h,(t) equals:

ha(t) = ﬁ /0°o h(#)N (h, t)dh(t). (1.55)

To simplify the analysis. one assumes that all workers are identical
(hence, a representative worker emerges in a similar way as in other neo-
classical models), have the same human capital endowments:

ha(t) = h(t) (1.56)

and allocate a fraction u(t) to current production. The amount of effective
labour is thus given by:

Ne(t) = u(t)h(t)N(t). (1.57)
The balance condition of the economy at time ¢ takes the form:
N(t)e(t) + K(t) = AK()? (w(t)h(E)N ()7 ha(1), (1.58)

where ¢(t) denotes consumption, K (t) — physical capital, A — a constant level
of technology, B and ~ are parameters. The national income in this economy
is divided between consumption and investments (the left-hand side of the
above equation) and production is based on a given technology, described
by the right-hand side of equation (1.58). The factor h,(t)? expresses the
human capital externality. The average level of human capital influences the
productivity, but no individual decision of an individual can influence this
level (we assume that N(t) is large), so it is not taken into consideration in
allocation decisions.
The human capital dynamics equation takes the form:

h(t) = h(t)G (1 — u(t)), (1.59)

where ¢ is a parameter and G (1 — u(t)) an increasing function of time allo-
cated to human capital accumulation 1 — u(t), where G(0) = 0.

To simplify again, one assumes!® that ¢ = 1 and the function G(1 —wu(t))
is linear. We thus obtain:

h(t) = h(t)8 (1 — u(t)), (1.60)

where § is a parameter which expresses the maximal production rate of hu-
man capital. The human capital dynamics equation in such form implies
constant returns to human capital, i.e. a given relative increase in h(t) re-
quires an equal effort, regardless of the current level of h().

T ucas accepted such an assumption, because it is in agreement with empirical data,
which was shown by Rosen in 1976 [69].
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In the Lucas model the consumers’ preferences are described by a CIES-
type utility function (1.39), hence the aggregated utility of consumption

equals (by analogy with (1.28)):

00 1-0
U:/)eﬂggL—:iN@ML (1.61)
Jo 1-6

where p is the discount rate. The aim of the representative individual is to

maximize their total utility (1.61), subject to (1.56), (1.58) and (1.60).
The set of functions K (t). h(t), hqe(t), ¢(t) and u(t) such that the utility
(1.61) is maximal, subject to (1.56), (1.58) and (1.60), describes the optimal
growth path in the Lucas model. Using optimal control methods, one can

show that the optimal growth rate of human capital v* equals:

s L 1B
V=g (6 17ﬂ+ﬂ/(p A)), (1.62)

under the condition v* < §, which implies the following inequality for the
model parameters:
g1 1P p=Xr
1-8+y o
In the Lucas model on can also define an equalibrium path. This is a set
of functions K (t), h(t), ¢(t) and u(t) such that the utility (1.61) is maximal,
subject to (1.58) and (1.60), and under the assumption that the path h,(t) is
given exogenously and the representative individual expects that the average
level of human capital will equal hy(t) and behave in such a way that the
condition h(t) = hy(t) holds. Again, using optimal control techniques, one
can show that the equilibrium growth rate of human capital v equals:

1
S (1-B+7) -

under the condition v < §, which implies again (1.63).
If the condition (1.63) holds with equality, then:

(1.63)

14

(1=8)(=(r=N), (1.64)

v=v"=4, (1.65)

which means that the optimal and equilibrium growth rates of human capital
are equal and maximal. Otherwise, v < v* always holds. The presence of
human capital externality implies that the representative individual, who
does not take this effect into consideration, invests less in human capital
than would be optimal from the point of view of the whole economy.

One can also show that the growth rates of consumption and physical
capital are equal to the same number x:

()., 60

If there is no human capital externality (i.e. if v = 0), the growth rates
of physical capital, human capital and consumption p.c. are equal. If the
externality is non-zero (y > 0), then physical capital grows faster than
human capital.

The meaning of the Lucas model consists in showing that economic
growth can be generated by investments in two types of capital. The ac-
cumulation mechanism is, however, very similar for these types of capital —
this is why T.ucas spoke of the mechanics of economic growth — he was mod-
elling this phenomenon with the help of differential equations similar to the
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Solow-Swan model equations. Many authors introduced similar models later
on, including: Rebelo [66], Laitner [52], Caballe and Santos [19]). Such mod-
els make it possible to achieve a better agreement between the model and
empirical data, since new variables and parameters are introduced and can
be associated to some empirical facts about e.g. schooling or, more generally,
the economic role of knowledge.

1.2.3 The Mankiw-Romer-Weil model

One of the most important and most widely used human capital models
is the model of Mankiw, Romer and Weil (MRW) |58| of 1992. The MRW
model is a modified version of the Solow-Swan model. The key novelty is
the introduction of human capital as an additional production factor. The
production function is of the form:

Y(t) = KO H () (A L) 7, (L67)

in which standard notation is used for physical capital (K (¢)), luman capital
(H(t)), the level of technology (A(t)) and the number of workers (L(t)). We
assume that a + 3 < 1, i.e. there are decreasing returns with respect to the
total capital. Introducing the per effective unit of labour units (1.16)-(1.18)
and human capital per effective unit of labour:

. H(t)

0= 1oL (1.68)

the dynamics of the economy is described by the following set of differential
eqguations:

k(t) = spy(t) — (g +n+ 0)k(t), (1.69)

h(t) = snij(t) — (g +n + §)h(), (1.70)

where the growth rates equal: g — for the level of technology, n — for popu-
lation, the common depreciation rate of physical and human capital equals
0, and sg, s, denote the investment rates in physical and human capital,
respectively.

Similarly as in the Solow-Swan model, the accumulation equations of
physical (1.69) and human capital (1.70) imply that the economy tends
towards a steady state, in which the level of these two types of capital are

given by:
S-B8 1/(1~a=p)
k= <ﬁ> , (1.71)
a l—a 1/<170‘7‘6)
N si's

The dynamics of the MRW model economy is hence analogous to the dynam-
ics in the Solow-Swan model, except for the fact that we have two types of
capital here. The way of modelling of these two types of capital is, however,
essentially the same. The introduction of human capital leads to a much
better agreement between the model and empirical data. Thus, the MRW
model is the basis for much empirical research about the role of human cap-
ital in economic growth and about economic growth itself. To this aim, one
uses the following equation for production p.c. — y(¢) — analogous to equation
(1.23) in the standard Solow-Swan model — obtained by substituting (1.71)
and (1.72) into the production function (1.67) and taking the logarithm:
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Iny(t) =In A(0) + gt— % In(g+n+9)+
a B
X . 1.
+ 1—a—ﬂ1n8k+1—a—ﬁlnsh (1.73)

An important difference with respect to the analogous equation in the Solow-
Swan model is the emergence of an empirical measure for the investment rate
in human capital s;. To estimate s, MRW used UNESCQO data about the
fraction of population aged 12 to 17 who attended high school, multiplied by
the fraction of population aged 15 to 19. This variable was named SCHOOL.
Together with other variables (all of which were statistically significant)
the ratio of investments to GDP and the sum g4+n+46. the SCHOOL variable
accounted for ca. 80% of GDP p.c. variability for the sample of 98 countries.
MRW obtained also estimates for the parameter values: a ~ 0.3 and 8 =~ 0.3.
These estimates turned out to be compatible with the typical estimates of
the elasticity of production with respect to total capital (around 2/3).

In comparison with the standard Solow-Swan model, the MRW model
allows to obtain much better agreement with empirical data, especially if
one uses more complex measures for human capital investments than the
SCHOOL variable of MRW. The meaning of this model for the comprehen-
sion of the essence of economic growth and the role of human capital is
therefore limited.

1.2.4 Other models

Most of the human capital models are in many respects similar to the ones
described above. Here a brief overview of some alternative concepts is given.
In 1966 Nelson and Phelps [61] considered the relationship between tech-
nological progress and human capital. Human capital resources in this model
determine the diffusion rate of technology between the technological leader
and the country under analysis. The meaning of this sort of modelling is
substantial and hence we will analyze it in detail in the next section.

The key role in the model of Becker, Murphy and Tamura [15] of 1990 is
attributed to demographic variables, which influence human capital, which
is understood as the knowledge accumulated in people. The authors of the
model assumed that a higher level of human capital accelerates its further
accumulation. However, investments in human capital are discouraged by
high fertility. Population growth is endogenous and has its effect on the
growth rate of economy. Countries with small initial human capital endow-
ment and high fertility are unable to reach high growth rates this can help
to explain the observed cross-country differences in welfare. On the other
hand, countries with high initial human capital grow faster, since it is then
profitable to invest further in human capital and not in family enlargement.
Other papers in which the relationship between human capital and fertility
is considered are, among others, Becker and Barro [14] and Rosenzweig [70].

In 1990 Arariadis and Drazen [8] considered the role of threshold ex-
ternalities in economic growth. They assumed that this kind of effects can
emerge in human capital accumulation and lead to the existence of many
locally stable steady-states. A switch between these steady-states is pos-
sible when some variable, e.g. literacy, reaches some threshold value. The
authors have also shown the results of empirical analysis that supported the
conclusion that high investments in human capital are the prerequisite for
economic growth.
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A similar way of modelling of human capital was presented by Stokey
[75] in 1991. The author emphasized the role of relationship between human
capital, technological progress and international trade.

In subsection 1.3.3 we will describe the Jones model [43], which is one
of the attempts to merge the analysis of human capital and technological
progress in a coherent theoretical formulation. It seems that such class of
models is the most appropriate way to understand economic growth.

A basically different approach to human capital is the one of Hendricks
[38] of 2002. He assumed that empirical data about immigrant earnings at the
same labour market (USA) can help to estimate their levels of human capital.
One usually supposes that all workers of the same age and the same level of
education have equal human capital levels, independently of their country of
origin. Such approach does not, however, take into account the existence of
so-called immeasurable abilities. Hendricks assumed that if two workers have
equal measurable abilities (education and experience) and their wages differ,
then this difference in earnings results from immeasurable abilities. Thus,
the notion of the quality of human capital emerged. Hendricks introduced
this variable, but was unable to explain the cross-country differences in GDP
p.c. with only differences in physical and human capital.

Apart from the above-mentioned papers, there are many papers with
purely empirical analyses. The most widely investigated relationship is be-
tween the level/quality of schooling and economic growth (e.g. Bils and
Klenow [18], Barro [11], Temple [77]). The theoretical basis for such research
is, however, too simplified to tell much about the role of human capital in
economic growth. Therefore, the models described in previous subsections,
together with models that combine human capital and technological prog-
ress, seem to have a much larger potential.

1.3 Models of technological progress

As we mentioned in the previous section, an increasingly important role
is attributed to the accumulation of knowledge, to which the notions of
human capital and technological progress are related. In this subsection. we
will consider models which view technological progress as the main growth
factor. However, human capital is also an important factor in many of them.
One often assumes that only the combination of technological progress and
human capital effects can account for economic growth.

As in the case of human capital models, the first attempts at the for-
malization of technological progress emerged a few years after classic works
of Solow [73] and Swan [76]. The most important of these are the papers of
Uzawa [78], Phelps [64], Nelson and Phelps [61] and Nordhaus [62].

1.3.1 The Nelson-Phelps and Benhabib-Spiegel models

Let us assume that the level of technology at time ¢ in the ¢-th country is
given by the variable A;(t). Thus, there exists a country with the highest
level of technology. Let us denote the technology level of the technological
leader as T'(t).

Let us also assume that the technology of the leader (the frontier tech-
nology) grows with a constant exogenous rate g:

T(t) = T(0)ed". (1.74)
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In other countries, in which the level of technology is lower, technology
development can result from both research and development (R&D) activity
and technology diffusion from the leader country. The diffusion effect can
be modelled in two ways with the so-called confined exponential diffusion
(the Nelson-Phelps model [61]) or the logistic model (Benhabib and Spiegel
[16).

The growth rate of technology in the model with confined exponential
diffusion equals in the i-th country:

e 1) , (1.75)

d = 9 i)+ e(h®) <Ai(f)

where g (h;(t)) denotes an increasing function of human capital h;(t), which
describes the dependence of the innovation rate (efficiency of the R&D ac-
tivity) on the level of human capital in the i-th country and ¢ (h;(t)) denotes
an increasing function of human capital, which reflects the dependence of
the rate of diffusion on the level of human capital in this country. The orig-
inal Nelson-Phelps model is reproduced if ¢ = 0 and the function ¢ (h(t))
satisfies the condition ¢(0) = 0.
In the logistic model, the growth rate of technology equals:

¢g<28‘9'

= g (hi(t)) + ¢ (hi(t)) (1.76)

In the model given by (1.75), the more technologically underdeveloped
a country (low A;) and the higher the human capital endowment (high h;),
the higher the diffusion rate. If the level of human capital is constant over
time, one can give the analytical form of the solution to equation (1.75):

Ai(t) = (A;(0) — QT(0)) el =t 4 QT(0)e?, (1.77)

where g; and ¢; denote, respectively, g (h;(t)) and ¢ (h;(¢)) in the case when
h; does not depend on time, and:

C;

Q= —\ (1.78)
Ci—gi+g
One can also show that: Ailt)
. ilt)
fh_g}o T Q, (1.79)

i.e. regardless of the parameter values ¢;, g; and g. in the limit { — oo
technology grows at the same rate in all countries and there emerges some
distribution of A; in the world. If g; = g, then the i-th country will at some
time catch up with the technological leader (Q = 1).

Introducing another factor in the logistic model equation suppresses the
diffusion rate if the underdevelopment of some country is excessive, reflecting
difficulties in adopting too modern technologies in such country.

The analytical solution to equation (1.76), if human capital is time-
independent, takes the form:

A (0)eloitent

T LA a ((citem '
1+ 70y arrg—g (€979 = 1)

Ai(t)

(1.80)
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One can show that:

A(t) (Ci + gi — .(])/C,L'1 when ci+gi—g> 0
—oo T(1) 0, when ¢ g;— g <0

i.e. the ratio of i-th country’s technology to the frontier technology in the
limit ¢ — oo depends on the relationship of the rate of diffusion ¢; and the
difference in the innovation rates g; — g. If the innovation rate in the i-th
country is too low, then this country will never catch up with the leader and
its technology will be constant or declining relatively to the leader.

The vital difference between the logistic and the confined exponential
model consists in the fact that in the latter the underdeveloped country
always chases the leader, while in the former it is possible that some countries
will not be able to keep pace with the growth of the frontier technology and
their technological underdevelopment will thus grow over time.

The key role in both models is played by human capital, which is the
source of diffusion effects. Human capital investments always increase the
diffusion rate and in the case of technological divergence are able to reverse
the trend. Hence, there exists some minimal level of human capital that
makes possible technological convergence (this is an example of a threshold
externality, as discussed in the context of the model of Azariadis and Drazen
).

Empirical research conducted by Benhabib and Spiegel showed that the
logistic model is more realistic, i.e. technological divergence is possible in
the countries with lowest human capital resources, in which the combined
diffusion and innovation rates are lower than the growth rate of technology
of the leader.

Another work, closely related to the above discussion, was the one of
Phelps’ of 1966 [64]. The author considered a closed economy with Harrod-
neutral technological progress. The rate of technology growth depended in
this model on the quantity of effective research and on the level of technology
from a few periods before. reflecting the lag between innovation and its prac-
tical application. Phelps found an expression for the optimal savings rate,
resulting from the optimal division of physical capital and labour between
the productive and the technological sector.

In 1970 Gomulka [30] introduced three generalizations of Phelps’ ap-
proach for an open economy. In the first, technological progress was possible
because of innovations import. Gomulka derived an expression for optimal
savings rate and showed that if some conditions hold, then technological con-
vergence is possible. In the second variant, technological sector was divided
into two branches — experimental and theoretical. The level of theoretical re-
search in a country determined the growth perspectives in the experimental
sector, which in turn influenced the production sector. The author showed
what is the optimal division of labour and capital between the research and
productive sectors, to maximize consumption at some given time. In the
third variant, Gomulka considered the division of the technological sector
into infinitely many levels of research, such that any level influenced the
efficiency of research in the higher levels''. Also for this case, the author
showed the optimal allocation of resources between the sectors.

""The second variant is actually a particular case of the third one with only two levels
of research.
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1.3.2 The Romer model

The Romer model [68] of 1990 is one of the first models of endogenous
technological progress'”. The development of technology results in this model
from rational decisions of agents who aim at maximizationof their own profit.

There are four factors of production in the model — physical capital
K, labour L and knowledge-related human capital H and technology A. A
vital difference between these factors is the fact that using human capital
in one sort of activity makes it impossible to use it in any other activity.
When it comes to technology, it can be used simultaneously in many kinds
of activities.

One can distinguish three sectors in the modelled economy. The research
sector uses human capital and existing knowledge to "produce” new knowl-
edge in the form of technologies of production of intermediate goods. The
intermediate goods sector, in turn, uses technology and physical capital and
supplies its products to the final goods sector, which uses also labour and
human capital.

To simplify, one assumes that labour L is constant. The resource of
human capital of the whole economy H, as well as its division between
the research and final goods sectors is also fixed.

The physical capital dynamics equation takes the standard form:

K(t) =Y (t) — C(t), (1.82)

where C(t) denotes aggregative consumption at time ¢ and Y (¢) the final
goods production at this moment

Human capital can be used in the rescarch sector (Hy4) or in the final
goods sector (Hy ) in such a way that:

H=Hy+ Hy. (1.83)

We assume that the production function takes the form:
Y (Hy,L,z) = H?Lﬁ/ x(i)' = Pdi, (1.84)
0

where z(i) denotes the quantity of i-th good that is used in the produc-
tion of the final good. It is possible to use only these intermediate goods,
for which the technology of production is known. Let us denote the most
technologically advanced intermediate good by A and let us assume that
Vi > A, xz(i) = 0. The variable A can be thus interpreted as the technol-
ogy level of the economy. A unit of physical capital comes from 7 units of
each of intermediate goods:

A
K :n'/o x(1)di. (1.85)

We assume that each intermediate good is produced by a single firm, who
paid the price P4 for an exclusive patent. The prices of intermediate goods
are given by the function p(i), which can be shown to depend on the ag-
gregative demand in the following way:

p(i) = (1 —a— BYHEL w(i)~*P. (1.86)

12The first endogenous technological progress model is often considered to be another
model by Romer [67] of 1986. This model is, however, equivalent to the Arrow model [5]
of 1962.
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One can also show that in equilibrium the profit of the intermediate good
producer 7(t):
m(t) = r(t)Pa, (1.87)

where 7(t) denotes the interest rate at time ¢.

We also assume the following form of the knowledge accumulation equa-
tion:

A(t) = 6H A, (1.88)
where § is the parameter that determines the maximal growth rate of tech-
nology. The rate of intermediate goods technology production depends in
this way on the quantity of research human capital H 4 and on total knowl-
edge. The assumption of linear dependence on A is vital to obtain a model
with long-run economic growth, impossible with a strictly concave function
of A in equation (1.88).

The consumer preferences are given similarly as in the Ramsey-Cass-
Koopmans model, which implies the following dynamics equation for the
function C(t), which holds if r is constant (which we assume from now on):

Ct)y r—p

OIS (1.89)

where p is the discount rate and 6 the reverse of elasticity of substitution
between consumption in two arbitrary moments. The consumers maximize
their utility by choosing a fraction of their human capital that they will
supply to the rescarch and the final goods sectors. If we denote wage per
unit of human capital by wp, then the knowledge accumulation equation
(1.88) leads to the following relation:

wy = PadA. (1.90)

The symmetry of the model implies that all available intermediate goods
are used in the same amount, denoted by Z (constant over time if r is con-
stant). The production function (1.84) can thus be simplified to:

Y(Hy,L,z) = H}LP Az~ 0. 1.91
Y

Using the relation between physical capital and technology in the case of a
constant function (i), we have:

K = Az, (1.92)
hence we obtain:
Y (Hy, L,z) = (Hy A)*(LA)P Ko Bpoth=1, (1.93)

The production [unction (1.93) is a neoclassical production function of Cobb-
Douglas type with labour and human capital oriented technological progress.
Such form of the production function implies that we can find a steady-
state, in which the key variables of the model grow at the same rate.
Equilibrium at the human capital market takes place if the wages per
unit of research human capital and final goods human capital are equal to
marginal productivities of human capital in these sectors, i.e.:

Py0A = aHS ' LP Azl =8 (1.94)

where the right-hand side describes the marginal productivity of human
capital in the final goods sector and results from equation (1.91). Taking
into account expressions (1.86), (1.87) and H4 = H — Hy. we obtain an

equation for the fraction of human capital in the research sector:
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Hjy=H -

%r-, (1.95)

where: o

A= —a_Aath) (1.96)
The steady state exists if Hy and H 4 are constant in time. It results from
equation (1.95) that this is possible only if the interest rate does not change,
which we assumed before.

The growth rate of technology in the steady state A/A equals 0H, in
accordance with (1.88). It results then from equations (1.92), (1.91) and
(1.82) that also the physical capital, final goods production and consumption
grow at the same rate, which we denote g. We can thus write:

C Y K A
95):

g =

= Q)

We obtain from equation (

g=0H — Ar, (1.98)

and using the relation (1.89) between the interest rate and the discount rate,
we obtain finally:

_O0H —Ap

I=9A+1

The rate of technological progress in the Romer model grows if the level

of human capital increases in the economy and if the average productivity

(1.99)

of this capital grows in the research sector (the parameter ¢). Technology
growth rate, however, decreases, when the discount rate increases for high
values of p it is not profitable to invest in future consumption by allocating
human capital in research.

The fraction of research human capital, calculated above, is too low from
the social point of view. The representative consumer who maximizes their
utility does not take innovation externalities into account every new tech-
nology of intermediate goods production increases the efficiency of every
researcher, which is not reflected in the price of this technology and the
innovator’s profit.

The socially optimal allocation can be found if we consider the following
utility maximization problem of the whole society:

max /xu(C(t)) e Pldt, (1.100)
Jo

in which the utility function is given by (1.39), subject to (1.83), (1.88) and
(1.82) with the production function (1.93). One can show that the socially
optimal steady-state, which results from the optimality conditions for the
above problem, is characterized by the following expression for the fraction

of human capital allocated to research:

6(@+/3)H
T H —p
Hy=—o = 5 (1.101)
5(0- g)
The growth rate for the key variables g* equals:
0H —Op
e T 1.102
Y Zeo+i-o (1.102)
where: o
0= 1.103
a+ ( )
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Since ® < A, the socially optimal growth rate is higher than g and the
socially optimal fraction of human capital employed in the research sector
H exceeds Hy4.

The key property of the research process in the Romer model is a twoflold
influence of knowledge on the economy. Firstly, the limits of knowledge de-
termine the range of intermediate goods, which in turn influences the effi-
ciency of final goods production. Secondly, knowledge determines also the
productivity of human capital in the research sector, allowing for faster tech-
nological progress. In this way, knowledge is the essential factor of economic
growth.

The Romer model was one of the first models of endogenous growth and,
similarly to the Solow-Swan model, the ideas underlying this model were
the basis for many further models of the so-called horizontal technological
progress — progress related to a growing number of available producer or
consumer goods.

1.3.3 The Jones model

The Jones model is a human capital and technological progress based model
of economic growth. The mechanism for the development of technology is es-
sentially the same as in the Romer model and for human capital investments
it is similar to the T.ucas model.

There are three kinds of goods in the economy under consideration —
consumer (Y), intermediate (x(¢)) — termed ideas and human capital (h) —
which determines the range of intermediate goods that can be used within
a given firm. The total amount of labour L is divided exogenously between
the production of the three types of goods. i.e.:

L=Ly+La+ Ly, (14104)

where Ly denotes the labour resource used in consumer goods production,
L4 in ideas "production” and Lj in human capital accumulation. The con-
sumer goods are produced with labour Ly and a set of intermediate capital
goods z(7).

The production function for a representative firm which employs workers
endowed with an average human capital h is given by:

~h(t)
Y(t) = Ly (t)'° / (i, 1) di, (1.105)
Jo

where a € (0,1) is a parameter.

The human capital dynamics equation takes the form:

L) — uefu® o (ADN
h(t) = pe”™ W h(t) (h(t)) , (1.106)
where u, 0 are positive parameters, v is a non-negative parameter, u(t)
denotes the exogenously given fraction of time allocated to human capital
accumulation (hence, Ly = ulL) and A(t) represents the technological fron-
tier, i.e. the range of intermediate goods (ideas), which can be "produced”
in the economy. Equation (1.106) is a generalized version of the respective
equation from the Lucas model™. The case v > 0 corresponds to the situa-
tion, when it is easier to learn to use the less advanced intermediate goods
than the more advanced ones.

3In the Lucas model one has v = 0 (the growth rate of human capital iL/h is thus
h-independent) and the fraction of time allocated to human capital accumulation has the
form u(t), and not e?*(®.
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The ideas production function is given by:
A(t) = 0h(t)PLa(t)A(t)?, (1.107)

where §, B and ¢ are positive parameters. This equation is a modified
Romer’s equation (1.88), in which the dependence between A and A is not
linear. The factor A? reflects the influence of the earlier ideas on current
research. A similar effect is exerted by the factor A%, which is, however, re-
lated to the individuals’ abilities (their education and experience), and not
to general knowledge of a society, represented by the variable A.

Physical capital is accumulated according to the equation:

K(t) = sY(t) — dK(t) (1.108)

where s denotes the exogenously given fraction of production devoted to
physical capital investments (the fraction (1 — s) is consumed) and d is the
physical capital depreciation rate. Intermediate goods are produced from
physical capital:
~h(t)

/ (i, 8)di = K(1). (1.100)

Jo
Similarly to the Romer model, intermediate goods are symmetrical, i.e.
Vi x(i,t) = x(t). It implies the production function of the following form:

Y(t) = K(t)* (hLy) ™. (1.110)

Let us now consider the steady-state in the Jones model. We divide
equation (1.107) by A(t) and obtain:

A®) _ (h(t) )5 x La(t)

A) R

A0 (1.111)

In the steady-state A and h grow at the same rate. Hence, the growth rate

of the technological frontier A/A = g4 equals:

B n
1-B-¢

The steady-state exists only if 8+ ¢ < 1. One can show that the remaining
key variables of the Jones model grow at the rate g4:

64 (1.112)

Jy =9k =9h =9gA =9, (1.113)

where g, is the growth rate of the variable z; y = Y/Ly, k = K/Ly. One
can also obtain an equation for production per worker in the consumer goods

sector: L
Y (t) = (Ly% (He“)“)f’ A* (). (1.114)

n+g+d g

This equation is analogous to equations (1.23) and (1.73) and makes it pos-
sible to conduct empirical research based on this model.

To sum it up, there are essentially two different kinds of accumulated
knowledge in the Jones model a set of ideas, which are used in the produc-
tion of consumer goods and more advanced ideas, and the human capital
resource, which can be interpreted as the ability to use the ideas in the
productive processes. To simplify, Jones imposed an exogenous mechanism
of allocation of production factors. However, he has also introduced models
with endogenous allocation mechanisms (Jones [42], Jones [44], Jones and
Williams [45], Jones [46]). Models of this kind make it possible to look more
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comprehensively at the economic role of knowledge and seem to be the most
appropriate way to consider economic growth — therefore their more care-
ful examination and possible extensions can contribute much to a better
understanding of economic growth.

1.3.4 Other models

In this subsection we will shortly review alternative models of technological
progress.

A very important branch of technological progress theory was started by
Grossman and Helpman [33], [34], [35] in 1991. The so-called wertical tech-
nological progress is embodied in an improving quality of available goods.
Fach product can be placed somewhere on a quality ladder and higher qual-
ity corresponds to a higher utility of consumption of a unit of this product.
The move of a product up the quality ladder is modelled as a stochastic
process, in which the probability of a research success (which leads to a
quality improvement) depends on the expenses allocated to research. Tn the
papers [34] and [35], the quality ladder model is considered in the context
of international trade and technology diffusion. The world economy can be
divided into two areas North and South. Quality-improving research is
conducted only in the North. Traders in the South do not have enough re-
sources and abilities to conduct research — thus the only way to develop their
technologies is by imitating the ever-improving products from the North. In
the steady-state there is an equilibrium between innovation and imitation
processes.

In 1992, Aghion and Howitt [4], independently from Grossman and Help-
man, proposed a similar model. They considered vertical technological prog-
ress, which consists in an improvement in quality of intermediate goods.
The authors emphasized the meaning of creative destruction for technologi-
cal progress and the whole economy inspired by Schumpeter’s ideas from
the first half of the twentieth century.

In 2002 Acemoglu [2] introduced a model of directed technological change.
In the nineteenth century, technological change was directed at unquali-
fied and a century later at highly-qualified labour'® (especially after 1980).
In subsection 1.1.3 we have distinguished Solow, Harrod and Hicks-neutral
technological progress. If we consider production functions other than Cobb-
Douglas, technological progress has to be Harrod-neutral to guarantee the
existence of a steady-state. The Acemoglu model makes it possible to explain
the fact that technological change is labour-oriented — thus Harrod-neutrality
does not have to be an assumption of the model, but can result from the
model itself.

Another problem which is addressed within this branch of economics
is the one of appropriate technologies. In 1969, Atkinson and Stiglitz [6]
suggested that every production technology can be appropriate only if the
capital-labour ratio is adequate. If one tries to use too advanced technologies
in a country with a low capital-labour ratio, the output will be lower than
in the case when a more adequate technology is applied. This idea was
developed in 1998 by Basu and Weil [12]. who introduced a dynamical version

"This refers to the Krugman model [51] of 1979, in which it was shown that interna-
tional trade can lead to the diffusion of technology between the rich North and the poor
South.

15Guch effects can be observed by analyzing supply of people with higher education and
their real wages. Despite an enormous growth of supply of such workers, their wages grew
quickly. If technical change had not been high qualified labour oriented, one would have
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of the Atkinson-Stiglitz model. Also, Acemoglu and Zilibotti [1] assumed in
2001 that a given technology of production is adequate if human capital
per worker is high enough, i.e. if the workers are appropriately qualified.
Too low human capital resources are, in the view of Acemoglu and Zilibotti,
the cause of low efficiency of technological diffusion processes to the least
developed countries.

To conclude this section, let us enumerate a few empirical papers on
technological progress. One usually analyzes the relationship between R&D
expenses, the number of patents and economic growth. The most important
papers were written by Griliches (e.g. [31], [32]), Keely (e.g. [48]), Oakes (e.g.
[63]), Hall (e.g. [36]), Evenson (e.g. [29]) and Kortum (e.g. [50]). Another
strand of research emphasizes the role of academic performance indicators,
e.g. Adams [3] and Dasgupta with David [27]. Widely analyzed is also the
phenomenon of knowledge and technology diffusion at the microeconomic
level (e.g. Jaffe [40], Ciccone and Hall [22], Jaffe, Trajtenberg and Henderson
[41]) or at the macroeconomic level (e.g. Coe, Helpman and Hoffmeister [25]
(based on the Grossman-Helpman models), Eaton and Kortum [28]).
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Chapter 2

The Manuelli-Seshadri model

In this chapter we will analyze an advanced human capital model of Manuelli
and Seshadri [59] of 2005. In particular, we will show the setup of the model,
its solution, steady-state properties and results of empirical analysis for the
OECD countries.

2.1 Setup of the model

The Manuelli-Seshadri model differs significantly from human capital models
analyzed in section 1.2. The most important difference is that the notion of
the guality of human capital is employed. In this way, one can take into
account differences in education quality in different countries.

T.et us consider an economy, in which the representative individual is
born when their parents arc B = 25 years old. They go to school at age 6 for
s years. During this time. the individual devotes all of their time to human
capital accumulation. At age 6 + s, they start to work, but further invest in
human capital. When the individual is R = min{64, T’} years old, where T’
is their lifespan, they retire.

Human capital accumulation is modelled in a similar way to the Ben-
Porath model [17]. The representative individual chooses such growth paths
of human capital h(a), where a denotes their age, time allocated to hu-
man capital accumulation n(a) and expenditures on market goods related
to human capital accumulation z(a), such that their discounted earnings
from their whole life are maximal. The income maximization problem of the
representative individual reads:

max /R e (wh(a)(1 — n(a)) — z(a)) da — zg, (2.1)
6

subject to the human capital dynamics equation:
h(a) = zp, (n(a)h(a))" z(a)"? — &,h(a), a € [6,R), (2.2)

and the "technology” of early human capital production h(6) = hg of the
form:
h(6) = hgy = hpa'ly, (2.3)

where w denotes the wage rate per unit of human capital, r the discount
rate, xg the parents’ expenditures during early childhood of their children
(until they are 6 years old), d; the human capital depreciation rate and zj,
Y1, Y2, hp and v are positive parameters.

The solution to the problem (2.1)-(2.3) by optimal control techniques is

given in Appendix A.
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2.2 Optimal growth paths of human capital and the
time and expenditures related to its accumula-
tion

The solution to the income maximization problem (2.1)-(2.3) is given by the

following growth paths of human capital.
The early childhood human capital (at age 6) equals:

v

1
171 (1—m2) 1 (1=72) 172 v\ T 1=y
hg = (thv (w( A 73 22/11> ;—U(Tﬁ‘(sh(l—'\fl))s) 7

(r + op)t=2m(6 4 s)72~ 1
(2.4)
where v = vy, + 2 and
m(a) = (1 - 67(T+5h)<R7‘l)> . (2.5)

During formal education (a € [6,6 + s]), human capital grows as:

1
ha) = hEe‘sh(“6)<1+(hé(1_”q7§732zh) T x

1

(1—7)(1 =) <67”2”fﬁ§;“’”(a76) _ 1) Y
Yor + 0n(1 — 1) " '

Figure 2.1: An example of a human capital growth path (in arbitrary
units) of a representative individual of age 6 to 64

60000

50000 -

40000 -

£ 30000 [

20000

10000 -

0

where:

e~ (1=v)(r+d, (1-71))s <w(1—71)(1—72)71)’l(1'Yz),y;lwzglm((i_'_s)l—wz -

qE =

hpvv (r+ )t
2.7)

When the age of the representative individual is a € [6 4 s, R], we have:

1
1 Y201 002 \ 1=
h(a) = e @67 <h(6 +8)+— (W> y

On \ (r+dn)7
redn(a—R) r+dp =
X e-5h<6+s—R>/ dx (1 —x »"h,h)l i > (2.8)
Jedn(6+s—R)

where h(6 + s) is given by equation (2.6).

An example of the dynamics of human capital of the representative indi-
vidual is given in Fig. 2.1. Tt corresponds to the parameters for the American
economy ca. the year 2000. In particular. the average length of schooling for
the representative individual equals s = 12.08 years. In the schooling period,
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human capital exhibits fast growth and after this period it slows down (the
point 6 4+ s is always the inflection point of the curve h(a)), and at some
age. close to the half of the individual’s earning period, human capital de-
preciation becomes larger than its production and the level of human capital
shrinks until retirement at age R.

Figure 2.2: An example of the dynamics of the fraction of time devoted
to human capital accumulation of a representative individual of age 6
to 64
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a

The time devoted to human capital accumulation fulfills during the
schooling period the condition:

n(a) =1, (2.9)
and in the working period:

n(a) = m{a) S
a oy \ T
e~ On(a=5=6)m (6 + s)1+, 4+ (o) oo dx <1 -z %h> N

710n T6+s
(2.10)

where z, = e‘M‘“R), Teys = eOn(6+s—R),

An example of the fraction of time devoted to human capital accumula-
tion of the representative individual aged 6 to 64 is given in Fig. 2.2. During
the schooling period, the individual does not work and when this period is
over, the fraction of time allocated to human capital production is a decreas-
ing function of age. At some age it reaches zero and is zero until retirement
— it is not profitable for the individual to give up a part of their earnings,
since the time until retirement is too short.

Expenditures for market goods allocated to human capital accumulation
are given by the following equations:

Figure 2.3: An example of the dynamics of expenditures on market
goods allocated to human capital accumulation of a representative in-
dividual of age 6 to 64
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e during the schooling period:

1 "*6"(17“/1)((1—6)

z(a) = (qphyyezn) =2 e 177 , (2.11)

e during the working period:

1

Y2 401 Y2\ 1—+
Yow [ V5 v, zRW 1
z(a) = m(a)i-~. 2.12
(a) r+6h< (r+dn)7 ) (@ (212

Fig. 2.3 shows an example of the dynamics of expenditures on market
goods allocated to human capital accumulation of a representative individ-
ual aged 6 to 64 ycars. During the schooling period, the expenditures grow
to reach a maximum at the end of the period. Afterwards, they begin to
decrcasc to reach zero at the age when human capital investments arc not
profitable any more.

2.3 Per capita variables

To apply the model to real economies we need to take their demographic
structure into account.

We assume that the representative individual has e/ children (the growth
rate of population equals then n = f/B), born at age B = 25 years. The
age structure of the population is given by the equations:

N(a,) = d(a)e™, (2.13)
where:
e na

The number of people of age between a and a + da at time ¢ equals thus
fauﬂya N(d',t)dd'. If n = 0, then the de I'Hopital’s theorem implies that
expression (2.14) simplifies to:

¢(a) = 1/T, (2.15)

This means that the number of people in any given interval of the same
width is the same.

If we know the age structure of the economy, we can calculate the average
human capital p.c. (1 — n(a) denotes the time allocated to work by the
representative individual of age a):

Jits (@) (1 = n(a) g(a)da.
J&&s dla)da

In empirical research, we will often use the average earnings per worker.

h= (2.16)

The dependence of earnings e(p) on experience p = a — 6 — s can be ex-
pressed as the difference between the income from work and expenditures
on education:

e(p) =wh(p+6+s)(1—n(p+6+s)) —mz(p+6+s), (2.17)

where 7 denotes the fraction of expenditures on market goods allocated to
human capital accumulation that are paid by the employee (the fraction 1—7
is paid by the employer; we will take 7 = 0.5). Substituting the expressions
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for h(a), n(a) and z(a) at age a = p+ 6 + s, we obtain:

1 1
D2aM a2\ T , T
oy (2 e (64 s)T 918
e(p) <(7'+5h,)7 > w</1€ 7’7'+6h (71 +7y2) (2.18)

1—2x %

1 ~ . ol
mp+6+s)T7 e Onp+bts—R) reln(pioie=f) T\ Ty
X (p +5) + / d:r< ) .

[

r+ 0y on

55, (6+s5—R)

Figure 2.4: An example of the dependence hetween the earnings and
experience
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An example of the dependence of earnings on experience is shown in
Fig. 2.4. Initially, the education expenditures are higher than the earnings
from work (n(a) is close to 1) and the net income is negative. Along with
the growing experience, the level of human capital h(a) increases and the
resources allocated to human capital accumulation (n(a) and z(a)) decrease,
which results in the growth of earnings, which are maximal around the half
of the working life and then start to shrink, which results from human capital
depreciation.

The average wage in the economy (denoted E) can be obtained in an
analogous way to the average human capital p.c.:

‘R
g _ Jorsela—6—s)¢(a)da (2.19)

fffks ¢(a)da‘

2.4 Equilibrium

The Manuelli-Seshadri model describes only one branch of economy  the hu-
man capital accumulation sector. However, one can supplement the model by
introducing the production function F(k,h) and the equations that express
the equilibrium conditions on the physical capital (k) and human capital
market (h).

We assume that the production function is homogeneous of degree one.
The physical capital market equilibrium takes place when the marginal cost
and product of physical capital are equal to each other:

0F (k,1)

pr(r +0) = ok (2.20)

where pi denotes the relative price of physical capital with respect to some
reference country, r is the interest rate, 0 the physical capital depreciation
rate, k = k/h.
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Analogously, equilibrium on the human capital market mecans that the
marginal product of human capital equals the wage rate per unit of human
capital:

OF(k,1)
oh
Gross domestic product (GDP) per worker can be expressed by the av-

erage human capital p.c. h:

(2.21)

w =

y = F(k,1)h. (2.22)
The above equations are the bagis for empirical research that uses the
Manuelli-Seshadri model.

2.5 Empirical applications

2.5.1 The calibration of the model

The model was calibrated by the authors to describe the American economy
ca. 2000. They used the Cobb-Douglas production function:

F(k,h) = AKPn1=?, (2.23)

where A denotes the index of technology, commonly referred to as TFP —
Total Factor Productivity. Thus, one obtains the following equation for GDP
p.c.
y = Ax’h. (2.24)
The physical capital depreciation rate is taken at a standard level of
0k = 6% and the interest rate at r = 7%. The demographic parameters are
B =25, R=min{64,T} and f = 0 (for other countries we take f at their
actual levels). For USA, the reference country, we take A = 1, pr = 1 and
w=1.

Table 2.1: The calibrated values of the Manuelli-Seshadri model pa-
rameters

Parameter | 0y, On Zn 0 ot Y2 v r ‘
value 0.06 | 0.018 | 0.361 | 0.315 | 0.63 | 0.30 | 0.55 0.07‘

Source: Manuelli and Seshadri [59].

The remaining 7 parameters of the model are taken at such values that
the solution of the model is consistent with the following empirical data for
the American cconomy:

e capital’s share of income of 0.33,

e capital output ratio of 2.52,

e carnings at age R to earnings at age 55 of (.8,

e earnings at age 50 to earnings at 25 of 2.17,

e years of schooling of s = 12.08,

e schooling expenditures per pupil relative to GDP p.c. of 3.77%,

e pre-primary expenditures per pupil relative to GDP p.c. of 14%.
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In this way, we obtain the parameter values given in Tab. 2.1. The values
of these parameters are the same for all countries. Thus, we do not assume
a priori differences in the ability to learn (parameter zp) and the human
capital depreciation rate (parameter 0p). The value of the parameter hp
depends in the model on the assumed values of A and p;,  thus it can be
different for different countries.

Manuelli and Seshadri applied their model in the following way. They
took actual demographic data for each country and chose such value of
the technology index A to yield GDP p.c. (eq. (2.24)) consistent with the
empirical value. Thus, the model allowed them to find the average years of
schooling and the expenditures allocated to human capital accumulation of
the representative individual of a given country.

The model. however. can also be used to search for the dependence be-
tween human capital and national income. If we introduce the actual values
of the years of schooling of the representative individual, the average wage
rate per unit of human capital and the relative price of physical capital,
we can obtain estimates of the average level of human capital and gross
domestic product in the analyzed country.

2.5.2 Methods of estimation of the wage rate per unit of
human capital

The key variable in the Manuelli-Seshadri model is the wage rate per unit
of human capital w. In empirical research we will use the following strategy
regarding w.

In the next subsection we will perform a sensitivity analysis with respect
to w for Poland. In particular, we will find the empirical value of w, i.e. such
value that leads to the actual value of GDP p.c. and we will examine its
implications.

Next, we will rest on the empirical results of Hendricks [38], concerning
the average immigrants’ wage of people from various countries on the Amer-
ican labour market. We will continue in the following way. From eq. (2.19)
we will calculate the average wage of the American with a nominal educa-
tion (given by some given years of schooling s) corresponding to the average
immigrant from a given country. We will determine the value of w which
leads to the empirical immigrant’s wage (with respect to the American of
the same nominal education), given by Hendricks. In this way, the parame-
ter w will let us to isolate the influence of the quality of human capital on
immigrants’ wages. Therefore, the differences in human capital resources can
result from different lengths of schooling (the parameter s) and from differ-
ences in the qualities of this process (the parameter w). Our analysis is based
on the assumption that the American labour market correctly assesses the
abilities (the human capital resources) of immigrants from various countries.
However, this assumption does not always hold — we can imagine that the
wages of some immigrants can be higher than the ones resulting from their
abilities due to socio-political reasons, since too low a wage could result in
accusations of abusing the immigrants and treating them as a cheap work-
force. In other words, the immigrants’ human capital can be of a much worse
quality than Americans’ human capital with the same schooling period. but
the difference in wages sometimes might not reflect this difference.

Therefore, we will also use another method of estimation of the wage
rate per unit of human capital, using the results of the International Adult
Literacy Survey (IALS), i.e. a 22-country survey of adult literacy. Three as-
pects were investigated: reading comprehension, document comprehension
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and simple calculations. Coulombe et al. [26] found that a one-percent in-
crease in the average TALS result leads to a 2.5-percent increase in produc-
tivity of a worker from this country. Hence, if we know the average IALS
result (with respect to USA), then we also know the ratio of productivities
of the workers from a given country and from USA. We can thus assume
that the ratio of incomes equals the ratio of productivities and we can find
such value of w that leads in the Manuelli-Seshadri to this ratio of incomes
(from eq. (2.19)). We will also examine the assumption that the ratio of
income equals the ratio of TATS scores and also that this ratio is directly w.
The relative TALS scores (for reading comprehension — Mean Prose Literacy;
according to [80]), for selected 18 OECD countries, for which the results are
available, are gathered in Tab. 2.7 in subsection 2.5.5.

2.5.3 The sensitivity analysis of the wage rate per unit of
human capital

We will now analyze the case of Poland. taking the parameter w  the
wage rate per unit of human capital — from 65% to 100%. We take the
empirical value of the average length of schooling in Poland s = 10.75' and
the demographic data (zero population growth rate. hence f = 0, average
length of life T = 74). As a working assumption, we take the relative price
of capital equal to 1 (the same price of capital as in USA).

Tab. 2.2 gathers the results from the model for human capital at age 6,
6+ s and the average human capital p.c. of an average Pole, depending on the
value of the parameter w. We also give the results for USA for comparison
(w=1).

The relative price of physical capital, which is the measure of its quality,
influences the results in a significant way. If the wage rates per unit of human
capital w were equal for Poland and USA, human capital resources would
be similar for both countries, with a slight advantage of Poland. At low
values of w, the differences in human capital (for people of the same age)
are substantial. The elasticity of human capital with respect to w equals
4.29, which means that a one-percent increase in w causes a 4.29-percent
Table 2.2: The dependence of human capital at age 6, 6+s and the av-

erage human capital p.c. for Paland on the wage rate per unit of hui-
man capital

Country | w h(6) h(6 + s) h
USA 1.000 | 4657.98 | 25115.75 | 40304.40
0.650 | 936.47 | 4077.53 | 6700.03
0.678 | 1122.00 | 4885.35 | 8027.41
0.700 | 1286.55 | 5601.85 | 9205.42
0.750 | 1729.19 | 7529.13 | 12371.58
0.800 | 2280.16 | 9928.15 | 16313.54
Poland | 0.850 | 2956.67 | 12873.79 | 21153.71
0.900 | 377.37 | 16447.25 | 27025.48
0.950 | 4762.37 | 20736.07 | 34072.70
0.969 | 5184.19 | 22572.75 | 37090.65
1.000 | 5933.26 | 25834.31 | 42453.05

!We obtained this value in the following way. Tn 2002 the population structure with
respect to education was (according to the main statistical office of Poland GUS): higher
education 10.2%; secondary 32.6%; vocational 24.1%; primary 28.2%; incomplete primary
4.9%. These types of education were attributed, respectively, 17, 12, 11, 8 and 4 years
of schooling. Then, a weighted average was calculated. An analogous procedure for 1988
gives s = 10.03 years.
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increase in human capital:
h = 42451857, (2.25)

The elasticity of GDP p.c. with respect to w is even higher (see Tab. 2.3)
and equals 5.29:
y = 381115257, (2.26)

If the wage rates per unit of human capital were equal in Poland and
USA. Poland would have higher GDP p.c., resulting from higher average
human capital p.c. This difference would not be very big, however. Low
values of w, at 65-70%, would lead to the Polish GDP p.c. at 10-20% of the
American GDP p.c.

The dependence of TEFP and the physical capital-human capital ratio on
the wage rate per unit of human capital is lincar (Tab. 2.3). At low valucs
of w, to account for the lower value of GDP p.c. we need the assumption of
20% lower TFP in Poland than in USA. However, if we take a higher relative
price of capital in Poland, we need a much smaller difference in technology.

Table 2.3: The dependence of GDP p.c., TFP and the physical capital-
human capital ratio « in Poland on the wage rate per unit of human
capital. GDP p.c. and TFP in relative values (1 for USA)

Country w GDP p.c. | TFP K
USA 1.000 1.000 1.000 | 3.537
0.650 0.108 0.744 | 2.299
0.678 0.135 0.766 | 2.398
0.700 0.160 0.783 | 2.476
0.750 0.230 0.821 | 2.653
0.800 0.324 0.858 | 2.830
Poland | 0.850 0.446 0.894 | 3.007
0.900 0.604 0.930 | 3.184
0.950 0.803 0.965 | 3.360
(0.969 0.892 0.979 | 3.428
1.000 1.053 1.000 | 3.537

2.5.4 Conclusions for Poland with empzirical and calibrated
wage rates per unit of human capital

We will now present the conclusions from the model for human capital in
Poland, taking two different estimates of the wage rate per unit of human
capital. Firstly, we will use the empirical value w = 0.969, obtained from
Hendricks’ data [38], who claims that the average wage of a Polish immigrant
on the American labour market equals 92.3% of the American’s wage, pro-
vided that the American has the same nominal education (length of school-
ing). Secondly, we will calibrate the wage rate per unit of human capital
in such a way that the model gives the empirical value of Polish GDP p.c.
(13.5% of the American value, as of 2000). According to Tab. 2.3, the cals-
brated value of w equals (.678.

Figures 2.5 2.7 show the growth paths of human capital and resources
allocated to human capital accumulation for the representative individual in
Poland (for w = 0.678 and w = 0.969) and the comparison with the United
States (w = 1, by definition).

The average human capital of a Pole of any age (or the average over
all ages) equals around one fifth of their American peer’s value, if we take
the calibrated value of w and around 90% for the emparical w. Thus, if we
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Figure 2.5: The comparison of the growth paths of human capital for
the representative individuals in Poland and USA
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Figure 2.6: The comparison of the growth paths of the fraction of time
allocated to human capital accumulation for the representative indi-

viduals in Poland and USA
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Figure 2.7: The comparison of the growth paths of the expenditures on
market goods allocated to human capital accumulation for the repre-
sentative individnals in Poland and USA
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take w = 0.678, we are forced to conclude that the quality of human capital
for Poles is much inferior to the Americans’ human capital quality. In other

words, one year in the Polish school endows pupils with much smaller amount
of human capital than one year in an American school. If w = 0.969. then
we have comparable qualities of human capital in Poland and in USA.

N
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The American, who finishes their education a little later, allocates more
of their time to human capital formation than their Polish peer, thus devotes
a little less time for work. These differences are, however, not very large and
almost meaningless from the point of view of human capital.

The differences in expenditures on human capital accumulation are sub-
stantial. For w = 67.8%, the expenditures of a Pole are on average six times
smaller than of an American. This results from the much lower quality of
human capital of a Pole, who earns much less and thus has less to spend
on human capital accumulation. If, however, w = 96.9%, then the level of
expenditures is only a little lower in the case of the representative Pole.

To compare the TFP and the physical capital-human capital ratio s in
Poland and in USA, we have to fix the relative price of physical capital in
eq. (2.20). The product pg(r + i) equals the marginal product of physical
capital (the right-hand side of (2.20)). In USA r = 7%, & = 6%, so the
price of capital (pr, = 1) 7+ & = 13%. Tn the case of Poland, we will check
the model predictions for three values of py:

Table 2.4: The level of technology A and the physical capital-human
capital ratio x in USA and Poland for different values of the relative
price of capital p;, at w = 67.8%

Country | pi A K
USA 1.0 | 1.000 | 3.537
1.0 | 0.766 | 2.398
Poland | 1.2 | 0.811 | 1.999
2.3 1 0.996 | 1.043

Table 2.5: The level of technology A and the physical capital-human
capital ratio x in USA and Poland for different values of the relative
price of capital pi, at w = 96.9%

Country | pg A K
USA 1.0 | 1.000 | 3.537
1.0 | 0.979 | 3.428
Poland | 1.2 | 1.036 | 2.856
2.3 | 1.272 | 1.490

e pi = 1 (no difference in the relative price of physical capital; thus we
isolate the influence of human capital),

e pr = 1.2 (assumption that physical capital in Poland is 20% more
expensive than in USA seems to be reasonabhle),

e pi = 2.3 (this corresponds roughly to the actual value of the interest
rate in Poland in 2000 r ~ 23%).

The results of this experiment are gathered in Tab. 2.4 (for w = 0.678) and
2.5 (for w = 0.969).

In the case of the calibrated value of w, the assumption of equal prices
of capital in Poland and in USA leads to the TFP in Poland at 77% of the
American value. This means that the levels of technology in Poland and
USA do not differ so much. as in the case of the human capital resource.
The physical capital-human capital ratio is lower in Poland. The assumption
of 20% morc cxpensive capital in Poland gives similar values of TFP and
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Table 2.6: The comparison of empirical data for the countries analyzed
by Manuelli and Seshadri, ranked with respect to GDP p.c.

Decile | GDP p.c. s Smodel | T 1 e7/2] i
90-100 0.921 1093 | 11.64 | 78 | 0.85 | 1.02
80-90 0.852 994 | 1092 | 76 | 0.90 | 1.11
70-80 0.756 9.72 | 1040 | 73 | 1.00 | 1.06
60-70 0.660 8.70 9.64 | 71| 1.20 | 1.04
20-60 0.537 8.12 890 |69 | 1.35 | 1.52
40-50 0.437 7.54 6.79 | 64| 1.60 | 1.77
30-40 0.354 H.88 569 | 57| 2.05 | 1.56
20-30 0.244 5.18 429 | 54| 250 | 1.93
10-20 0.146 4.64 3.01 51 | 270 | 2.11
0-10 0.052 2.45 219 | 46 | 3.10 | 2.78

Explanation: the table inclides the average length of schooling (s), average length of
schooling that results from the model syoder (at calibrated values of GDP p.c.), the
average length of life (T), the average number of children per person (ef/2) and the
relative price of physical capital with repsect to USA (p).

Source: Manuelli and Seshadri [59].

k. Taking the actual interest rate in Poland ca. 2000 means that we do not
need a difference in TFP to account for the difference in GDP p.c.  the
combined effects of human and physical capital are enough. For this case,
the physical capital and human capital are similar in Poland and in USA.

In the case of the empirical value of w, the assumption of equal prices
of capital in Poland and USA leads to similar values of TFP and . At 20%
more expensive physical capital in Poland. the equilibrium conditions imply
a higher value of TFP in Poland and a lower physical capital-human capital
ratio. If we take the relative price of capital that corresponds to the actual
interest rate in Poland ca. 2000, then the Polish TFP has to be 27% higher
than in USA, which is not plausible, since the United States arc commonly
believed to be the technological leader.

The situation of Poland can be assessed also with respect to other coun-
tries analyzed by Manuelli and Seshadri (Tab. 2.6). The authors of the model
divided the countries according to GDP p.c. and calculated the average
length of schooling, the relative price of capital and demographic parame-
ters. Poland can be situated in the penultimate decile with respect to GDP
p-¢c. The average length of schooling for the countries with a similar GDP
p.c. is 4.64 (10.75 for Poland), the average lifespan — 51 years (74 in Poland),
the average number of children per person 2.7 (less than 1 in the case of
Poland), the average relative price of capital 2.11 (this value seems to be ap-
propriate for Poland, if we take the actual interest rate in Poland in 2000).
Such parameters (except for the high value of the relative price of capital)
situatc Poland among countrics whosc GDP p.c. is around 80-90% of thc
American value. Such value of GDP p.c. (89.2% of the American value) is
also obtained if we take the empirical value of w = 96.9%, which results
from the fact that in such case the average human capital per person in
Poland is around 92% of its value in USA.

Therefore, we encounter a paradox: the low GDP p.c. in Poland suggests
poor quality of human capital in Poland, but then, how can we explain
the fact that the Polish immigrants get such high salaries, just a little shy
of the American natives’ (with similar nominal education) ones, if their
human capital is of such low quality? Assuming that a Pole gets 96.9%
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for one unit of his human capital instead of 67.8% he should get means
that we undermine the role of free market as a perfect measure of value.
Possibly, some political or social factors make it impossible to offer such
low salaries to Polish immigrants, since the employers would be accused
of abusing them and treating them as a cheap workforce. In other words,
the representative Pole’s human capital is of much worse quality than the
representative American’s with identical nominal length of schooling, but
the salaries don’t fully capture this difference in quality.

However, the values of w equal to 96.9% and 67.8% give salaries, respec-
tively, at 92.3% (empirical value given by Hendricks) and merely around 14%
of the average American‘s salary. Is the market so unreliable that it values
the work of an average Polish immigrant at 92% of the average American’s
value instead of 14% - almost sevenfold more than it is worth, taking the
low quality of the Polish immigrant’s human capital into consideration? Tt
seems impossible that the market inefficiencies could be so high.

Presumably. the value of w which mirrors the actual quality of human
capital in Poland is closer to the empirical value of 96.9%, not the shockingly
low 67.8%. Assuming this, we get the stock of human capital for Poland just
shy of the American and almost equal values of Polish and American GDP
p-c. The model is thus unable to predict the actual value of Polish GDP p.c.
correctly. The reasons for the divergence of the model value (close to the
American value) and the actual value (around 13.5% of the value for USA)
have to be looked for outside the model.

The model fails to take into consideration the fact that the market econ-
omy in Poland is relatively young only around twenty years have passed
since its launch, which appears to be fairly important. Firstly, the time span
might have been too short for equilibrium to be achieved. In such case,
equations (2.20)-(2.22) should be modified to allow for this effect. Secondly,
the structure of Polish economy is not yet human capital-oriented, i.e. rela-
tively high stock of human capital in Poland is not fully used in production.
Thirdly, the Manuelli-Seshadri model does not take into account the dif-
ferences in the levels of technology — the TFI estimates result only from
equilibrium considerations for the physical capital and labour market.

In the next subsection we will continue the analysis. taking the differences
in technology levels into account.

2.5.5 The analysis for the OECD countries based on the esti-
mates of the wage rate per unit of human capital from
the immigrants’ earnings and the TALS scores

In this subsection we will perform the analysis for 20 OECD countries”. For
19 countries the results of the TALS scores are available (hence, we will term
them the TALS countries), and for 25 countrics we have the data about
immigrants’ earnings.

Tab. 2.7 gathers the results of four procedures to estimate the wage rate
per unit of human capital.

e wp — calculated from the immigrants’ earnings on the American labour
markct. The procedure to estimate w was given in subscction 2.5.2.

e wy taken as the relative TALS score (the IALS score for USA — 1).

2 At the beginning of the year 2000 OFCD had 29 members. At the end of 2000, Slovakia
joined, but it is not included in this research.
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e w3 — calculated from the assumption that the relative wage is equal to
the relative TALS score. The procedure to estimate w is similar to the
case of wy.

e wy — according to Coulombe et al. [26]. a 1-percent decrease in the
TALS score corresponds to a 2.5-percent loss of productivity. Hence, we
assume here that the ratio of the wages (given country/USA) equals

Table 2.7: The estimate of the wage rate per unit of human capital for
18 TALS countries (for the 19th TALS country — USA — w = 1 hy defi-
nition)

immigrants’ TALS
wage score
Country s in USA w1 wo w3 Wy
(USA =1)
POR 5.87 1.094 0.940 | 0.757 | 0.876 | 0.774
ITA 7.18 1.191 0.971 | 0.856 | 0.912 | 0.864
HUN 9.12 1.004 0.964 | 0.859 | 0.936 | 0.887
BET. 9.34 1.265 1.010 | 0.964 | 0.960 | 0.949
IRL 9.35 1.193 0.999 | 0.944 | 0.956 | 0.939
NED 9.35 1.102 0.984 | 1.012 | 0.968 | 0.972
UK 9.42 1.305 1.017 | 0.958 | 0.959 | 0.947
CZE 9.48 1.005 0.968 | 0.962 | 0.960 | 0.949
DEN 9.66 1.314 1.021 | 0.988 | 0.968 | 0.964
POL 9.84 0.923 0.957 | 0.807 | 0.933 | 0.858
FIN 9.99 1.024 | 0.978 | 0.984
GER 10.20 1.170 1.006 | 0.992 | 0.975 | 0.973
SWI 10.48 1.314 1.032 | 0.939 | 0.968 | 0.950
AUS 10.92 1.313 1.037 | 0.982 | 0.981 | 0.976
SWE 11.41 1.292 1.041 | 1.078 | 1.006 | 1.025
CAN 11.62 1.258 1.039 | 1.001 | 0.995 | 0.995
NZL 11.74 1.262 1.040 | 0.993 | (0.994 | 0.992
NOR 11.85 1.310 1.049 | 1.033 | 1.003 | 1.012

Explanation: w1 w estimated from the immigrants’ earnings, w2  from the TALS score,
ws  the TALS score = the relative immigrants’ earnings, ws  the relative productivity
from the TAT.S score. The countries are ranked with respect to the average length of
schooling s. The country acronyms are explained in Appendix B. The value of s for
Poland differs from the one in subsection 2.5.3 due to a different methodology in Barro
and Lee [10]. The TALS data from 1998. The data about the average years of schooling
and the immigrants’ earnings from 2000.

Source: Barro and Lee [10], Hendricks [38], Coulombe et al. [26], own calculations.

the ratio of productivities, as given by the TALS test. For example,
for Poland the relative TALS score equal to 0.807 corresponds to the
relative productivity of (0.5175. Taking such ratio of wages gives w =
0.858. This method of estimating w seems to be theoretically soundest.

Taking the sensitivity of the model predictions with respect to the wage rate
per unit of human capital, the discrepancies in the values of w are rather
large.

For the countries for which the TALS test had not been performed (non-
TALS countries). the wage rate per unit of human capital was estimated
by two methods. The values of w; were found in the standard way, from
the immigrants’ earnings on the American labour market. The value of wy
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Figure 2.8: The dependence of the wage rate per unit of human capital
and the average years of schooling for 18 OECD countries
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was found from the regression equation for the wage rate per unit of human
capital vs. the average length of schooling s for 19 TATLS countries (the
dependence of w vs. s is given in Fig. 2.8):

w(s) = 0.604857 + 0.034503s (2.27)
(0.047770)  (0.004749)

The regression coefficients in eq. (2.27) are statistically significant. The
values of wy from eq. (2.27), as well as the values of w; are gathered in
Tab. 2.8 Also for these countries, the discrepancies in the estimates of w
are large.

Table 2.8: The estimate of the wage rate per unit of human capital far
10 non-IALS OECD countries

immigrants’ Estimate
wage
Country s in USA w1 Wy
(USA =1)
TUR 5.29 1.070 0.929 | 0.787
MEX 7.23 0.765 0.894 | 0.854
SPA 7.28 1.055 0.950 | (0.856
FRA 7.86 1.265 0.991 | 0.876
AUT 8.35 1.263 0.997 | 0.893
LUX 8.49 0.898
GRE 8.67 1.026 0.962 | 0.904
ISL 8.83 0.910
JPN 9.47 1.364 1.026 | 0.932
KOR 10.84 0.776 0.939 | 0.979

Explanation: w1 — from the immigrants’ wages, w4 — from the regression equation (2.27).
The countries are ordered with respect to the average length of schooling s. The value
of s for Luxembourg is not known — we take the value for the closest country in terms
of education structure, which is Argentina. The data on s and the immigrants’ earnings
from 2000.

Source: Barro and T.ee [10], Hendricks [38], own computations.
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In Tabs. 2.9 and 2.10, we have gathered the conclusions from the Manuelli-
Seshadri model about human capital and GNP p.c.? for 18 TALS countrics.
The measure of the quality of estimate is the mean absolute error (M AE),

calculated as:
1
MAE = = |y&st — 1), 2.28
AN (228)
where N is the number of countries and y¢*! the estimated value of GNP
p-c. for the i-th country (the value of 1 corresponds to an exact agreement

with the empirical value of GDP p.c.).

Table 2.9: The conclusions from the Manuelli-Seshadri model for the
average human capital per person h (with respect to h in USA) for 18
IALS countries

h at:

Country s wy [ wy [ wsg | wy
(with respect to USA)
POR 5.87 | 0.953 | 0.379 | 0.704 | 0.414
ITA 7.18 | 1.052 | 0.613 | 0.804 | 0.638
HUN 9.12 | 0.955 | 0.582 | 0.841 | 0.668
BEL 0.34 | 1.153 | 0.944 | 0.927 | 0.883
TRT. 9.35 | 1.097 | 0.861 | 0.909 | (.842
NED 9.35 | 1.029 | 1.160 | 0.959 | 0.976
UK 9.42 | 1.188 | 0.920 | 0.924 | 0.875
CZE 9.48 | 0.959 | 0.933 | 0.925 | 0.881
DEN 9.66 | 1.199 | 1.041 | 0.954 | 0.937
POL 9.84 | 0.902 | 0.434 | 0.809 | 0.565
FIN 9.99 - 1.196 | 0.982 | 1.008
GER | 10.20 | 1.100 | 1.036 | 0.962 | 0.953
SWI 10.48 | 1.214 | 0.810 | 0.923 | (.871
AUS 10.92 | 1.210 | 0.958 | 0.954 | 0.933
SWE 1141 | 1.214 | 1.410 | 1.049 | 1.136
CAN 11.62 | 1.194 | 1.018 | 1.027 | 1.027
NZL. 11.74 | 1.197 | 0.981 | 0.986 | 0.977
NOR | 11.85 | 1.236 | 1.158 | 1.020 | 1.060

Source: own calculations based on the data from Tab. 2.7.

As expected, the assessments of the wage rate per unit of human capi-
tal based on imimigrants’ earnings lead to overestimated values of GDP p.c.,
especially for the poorest countries, including Poland, where we have a three-
fold overestimation. This means that the labour market in the United States
can not correctly evaluate the immigrants’ abilities (and hence their produic-
tivity)  the differences in wages are just of the order of 5-15%. which leads
to very close estimates of human capital resources. To explain the low actual
values of GDP p.c. in many countries, we have to refer to the socio-political
factors, as analyzcd in subscction 2.5.4.

Using the results of literacy tests, such as TALS, leads to much more
rcalistic assessments of w. The theorctically most justified method, using
the empirical relation between the TALS score and productivity, leads to

3The statistical data on GDP p.c. [57] take the purchasing power into account (Pur-
chasing Power Parity). The value of GDP p.c. for Poland thus differs from the one given
in subsection 2.5.3.
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GDPs p.c. that are actually rather close to the empirical values. Hence, also
the estimates of human capital resources are the most realistic.

Table 2.10: The conclusions from the Manuelli-Seshadri model for
GDP p.c. (with respect to GDP p.c. in USA) for 18 TALS countries

GDP p.c. GDP p.c. at:
Country s cmpirical w1 ‘ wo ‘ w3 | Wy
(USA — 1) | (with respect to the empirical GDP)
POR 5.87 0.471 1.904 | 0.610 | 1.311 0.682

ITA 718 0.673 1.517 | 0.780 | 1.089 0.819
HUN 9.12 0.261 3.529 | 1.918 | 3.019 2.275
BEL 9.34 0.765 1.522 | 1.190 | 1.163 1.095
IRL 9.35 0.808 1.357 | 1.007 | 1.076 0.978
NED 9.35 0.743 1.362 | 1.580 | 1.249 1.278
UK 9.42 0.654 1.847 | 1.347 | 1.355 1.268
C7E 9.48 0.456 2.034 | 1.968 | 1.946 1.832
DEN 9.66 0.758 1.615 | 1.357 | 1.218 1.191
POL 9.84 0.225 3.831 1.558 | 3.3591 2.153
FIN 9.99 0.704 1.739 | 1.364 1.409
GER 10.20 0.714 1.551 1.441 1.315 1.301
SWI 10.48 (.862 1.453 | 0.881 1.035 0.938
AUS 10.92 0.695 1.807 | 1.355 | 1.348% 1.312
SWE 11.41 0.674 1.874 | 2.254 | 1.565 1.728
CAN 11.62 0.751 1.653 | 1.357 | 1.372 1.372
N7T. 11.74 0.578 2.151 1.686 1.694 1.675
NOR 11.85 1.081 1.200 | 1.106 | 0.946 0.993

mean absolute error 91.7% | 49.7% | 54.0% 43.2%

Source: own calculations based on the data from Tab. 2.7, Malaga [57].

Table 2.11: The conclusions from the Manuelli-Seshadri model for the
average human capital per person h (with respect to h in USA) for 10
non-IALS countries

GDP p.c. h at: GDP p.c. at:
C'try s empirical w1 ‘ Wy w1 ‘ Wy
(USA = 1) | (w.respect to USA) | (w.r. to GDPgyp)
TUR | 5.29 0.200 0.922 0.445 4.283 1.749
MEX | 7.23 0.277 0.736 0.605 2.380 1.870
SPA 7.28 0.533 0.955 0.611 1.700 0.980
FRA | 7.86 0.690 1.122 0.661 1.613 0.840
AUT | 835 0.722 1.133 0.707 1.565 0.874
LUX | 849 1.225 0.721 0.528
GRE | 867 0.457 0.962 0.737 2.023 1.457
IST. 8.83 0.847 — 0.753 — 0.809
JPN | 9.47 0.731 1.226 0.812 1.719 1.035
KOR | 10.84 0.455 0.801 0.958 1.635 2.065
mean absolute error 109.4% | 41.4%

Source: own calculations based on the data from Tab. 2.8, Malaga [57].

WORKING PAPER No. 60



56

The Manuelli-Seshardi model

The average human capital resource in the TALS countries are close to
one another and differ by 5-15%. However, we observe much lower resources
in Ttaly, Portugal, Hungary and Poland. In the first two countries it results
from a relatively short average length of schooling (6-7 years). In Hungary
and especially in Poland, the lower human capital resources result more
from bad quality of schooling — the average length of schooling is close to
the European average (9-10 years).

In the non-TALS countries (Tab. 2.11), a low level of human capital
is observed for countries with short average length of schooling  Turkey,
Mexico and Spain. However, we can not thus conclude about the quality
of schooling in these countries, since we have implicitly assumed in the w
estimates that the quality is similar (we have assumed linear dependence of
w on s (eq. (2.27))).

For the TALS countries, we also analyzed the relationship between the
average length of schooling and the average human capital resource per per-
son, shown in Fig. 2.9. The straight line was obtained from linear regression
and expresses the average human capital level resulting from a given period

Figure 2.9: The average length of schooling and the human capital re-
source p.c. for 18 IALS countries

of schooling, assuming similar qualities of schooling. The countries that lie
above the regression line can be interpreted as the countries with higher
than average quality of schooling, i.e. to reach a specified human capital
resource, one needs a shorter period of schooling. Thus, we conclude that
The Netherlands, Denmark, Finland and Sweden have the best quality of
schooling. The countries that are located below the regression curve are the
ones where the quality of schooling is lower than average. The relatively low-
est quality of schooling is observed for Poland (which lies the furthest away
from the regression line) — hence the level of human capital of an average
Pole is much lower than of a representative person from other countries with
similar average length of schooling. The quality of schooling is rather low
also in Hungary, USA, Switzerland, Portugal and New Zealand.

In Tabs. 2.12 and 2.13 we gather the conclusions from the Manuelli-
Seshadri model on TFP. Independently of the method of estimating the
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wage rate per unit of human capital, the observed differences in TFP do not
exceed 20% and are typically just a few percent for most of the countries.
This results from the fact that technology is not explicitly modelled in the

Table 2.12: The conclusions from the Manuelli-Seshadri model — TFP
for different values of w for 18 IALS countries

TFP at:
Country s w1 ‘ wa | w3 ‘ Wa
(USA =1)

POR 59.87 | 0.958 | 0.827 | (0.913 | 0.839
ITA 7.18 | 0.980 | 0.899 | 0.938 | 0.904
HUN 9.12 | 0975 | 0.901 | 0.955 | 0.921
BEL 9.34 | 1.006 | 0.975 | 0.972 | 0.964
IRL 9.35 | 0.999 | 0.961 | 0.969 | 0.957
NED 9.35 | 0.989 | 1.008 | 0.971 | 0.980
UK 942 | 1.011 | 0.971 | 0.971 | 0.963
CZE 948 | 0.978 | 0.973 | 0.972 | 0.964
DEN 9.66 | 1.014 | 0.991 | 0.978 | 0.975
POL 9.84 | 0.970 | 0.863 | 0.953 | 0.900
FIN 9.99 - 1.016 | 0.984 | (0.989
GER 10.20 | 1.004 | 0.994 | 0.982 | 0.981
SWI 10.48 | 1.021 | 0.957 | 0.978 | 0.965
AUS 10.92 | 1.025 | 0.987 | 0.987 | 0.983
SWE 11.41 | 1.027 | 1.052 | 1.004 | 1.017
CAN 11.62 | 1.026 | 1.000 | 1.002 | 1.002
NZL 11.74 | 1.027 | 0.995 | 0.995 | 0.994
NOR 11.85 | 1.033 | 1.022 | 1.002 | 1.008

Source: own calculations based on the data from Tab. 2.7.

Manuelli-Seshadri model. but only stems from the equilibrium equations
for the physical and human capital markets. It seems that we encounter
here a contradiction with the empirical data. which suggest much larger
discrepancies in technology levels. Thus, we should not conclude here about
the technological advancement of the respective countries.

Summing up. we should emphasize that the mean absolute errors of
our estimations in this chapter are rather high, especially for the poorer
countries, particularly the ones which underwent political transformation
in the recent years. Tt seems thus that the Manuelli-Seshadri model in its
original form can not describe the whole economy in a satisfying way, since it
oversimplifies the problem of differences in the levels of technology between
the countries. The differences in the levels of human capital are not enough
to account for the differences in the GDP p.c. levels. Human capital is,
however, for sure a very important factor of growth and the presented way of
modelling, which takes the quantitative and qualitative aspects into account,
is the most advanced way to model human capital. The analysis of human
capital should be backed up with the analysis of the influence of technological
factors and their role in economic growth. Therefore, the next chapter is
devoted to the Manuelli-Seshadri model with technological progress (and
other models of technological progress).
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Table 2.13: The conclusions from the Manuelli-Seshadri maodel — TFP
for different values of w for 10 non-IALS countries

TFP at:
Country s w1 | Wy
(USA =1)

TUR 5.29 | 0.950 | 0.848
MEX 7.23 | 0.926 | 0.897
SPA 7.28 | 0.965 | 0.899
FRA 7.86 | 0.993 | 0.913
AUT 8.35 | 0.99¢8 | 0.925

LUX 8.49 0.929
GRE 867 | 0.973 | 0.933
ISL 8.83 0.937

JPN 947 | 1.017 | 0.952
KOR 10.84 | 0.957 | (0.985

Source: own calculations based on the data from Tab. 2.8.

2.6 Summary

In this chapter, we have analyzed the human capital model of Manuelli and
Seshadri and we performed an empirical analysis of the role of human capital
in contemporary economies.

We showed the role of the most important parameter of the model the
wage rate per unit of human capital — and we presented the methods to
estimate it, basing on the immigrants’ earnings in USA and the results of
adult literacy tests.

The principal theoretical progress that can be attributed to the Manuelli-
Seshadri approach consists in introduction and quantification of the notion
of the quality of human capital. It was shown that there are countries with
a much better or much worse quality of human capital. The former includes
e.g. Sweden. Finland and The Netherlands and the latter e.g. Poland.

We also found that the human capital resource of an average Pole is
only a little lower than of an average American — thus this difference can
not explain the large difference in GDP p.c. between the two countries.
The analysis for other OECD countries supports the conclusion that human
capital is a very important growth factor, but to describe economic growth
in a satisfying manner one also has to supplement the analysis with such
factors as technological progress, which is the task for the next chapter.
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Chapter 3

Technological progress — the
standard approach

This chapter is devoted to the role of technological progress for economic
growth. We will examine the implications of the Manuelli-Seshadri model
with a modified production function. Then, we will introduce a technologi-
cal progress model with technology diffusion. The last section will concern
an endogenous model of technological progress. All of these models will be
confronted with empirical data for the group of 29 OECD countries.

3.1 The modified production function

In the previous chapter, we analyzed the Manuelli-Seshadri model with the
following production function:

F(k,h) = AKP 1=, (3.1)

in which the differences in the technology index A resulted from the equilib-
rium conditions for the physical and human capital markets, i.e. the value
of A was adjusted in such a way that on both of these markets we had the
equality of the marginal costs and products. This led to small differences in
the values of A (of the order of a few percent) and thus to the conclusion that
the role of the differences in technology was small. In this way, however, we
obtained paradoxical conclusions for the less-developed countries (like e.g.
Poland) — to account for the differences in GDP p.c. we needed dramatically
low human capital resources, which is not confirmed by such empirical data
as the immigrants’ earnings in USA or adult literacy tests (IALS). There-
fore, it seems that the differences in GDP p.c. can not be fully explained by
the differences in human capital. The assumption that one also needs some
differences in technology levels is intuitive — the United States equipped with
e.g. the Polish technology of production would certainly not reach such high
GDP p.c. Moreover, the differences in technology are confirmed by most of
empirical research.

In this section, we will first use the Romer model to introduce a modified
production function that takes such differences into account. Then, we will
analyze the Manuelli-Seshadri model with such production function.

3.1.1 Setup of the model

Let us assume that we have two factors of production physical capital k and
human capital h. The level of technology  the range of intermediate goods
that are usable in the economy is given by the variable A. We assume that
one unit of an intermediate good can be exchanged for one unit of physical
capital (i.e. K = Az). The Romer production function (1.93) thus takes the
form:

F(A k,h) =k (vhA)' (3.2)
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where v is the fraction of human capital that is used in production (the re-
maining part, 1 —v, is used in the production of technology). The knowledge
accumulation equation takes the form:

A=¢(1—-v)hA, (3.3)

where ¢ denotes a parameter which expresses the maximal growth rate of
technology (the innovation rate).

Equation (1.101) implies that the socially optimal stationary growth path

satisfies: ch
-7

ha=(1—-v)h= , 34

=0 -nh =2 (3.4)

where ha is the human capital resource used in the technological sector.

Hence, from eq. (1.102) we can find the simultaneous growth rate of tech-

nology, physical capital, consumption and production p.c.:

g=Cha= ghe_ & (3.5)

Knowing the rate of technology growth, we can find the innovation rate (:

_ge+r
¢= W (3.6)

T.et us now set € = 1 (it corresponds to the logarithmic utility of consumption
function!). The fraction of human capital used in the production sector
equals:
Ch—r r
- =—. 3.7
ch = Ch (3.7)
T.et us assume that the above equations describe a certain country which
is a reference country for the analysis (this is USA in the empirical analysis).
Thus, for an arbitrary country we have:

y— o _,Lh
TOW T R

v=1

(3.8)

where the primed quantities refer to this country. Let us define the quantity:

g+

w:g_‘_/lg

(3.9)

which expresses the influence of the technological progress on the innovation

rate:
gyl (3.10)
c =Y 3.

If the rate of technological progress in the country under investigation is
higher than in USA, we have v > 1. The other factor, h/h/, expresses the
influence of human capital on the innovation rate.

Substituting (3.10) into (3.8), we get:

V=Y (3.11)

For a country with ¢ < 1, a relatively larger fraction of human capital is
thus employed in the production sector. A relatively smaller part is used
in the research sector. If h/h' > 1/4, the efficiency of the research sector

1q. -
lime . € T L=—mnC.
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is, however, higher, i.e. the parameter ¢’ is higher. In further course of this
section we will consider the source of the larger efficiency of the research
sector in some of the OECD countries with respect to USA. This fact seems
to be in contradiction with the empirical data on expenditures on research
and development.

Taking (3.11) into account, the production function for the analyzed
country takes the form:

F(A kh) =k (VhA) ™0 = k00170 (hA) =0 yf 1, (3.12)
where the factor v17? is constant for all countries and in this way can be
dropped out (we are interested only in relative differences in GDP p.c.,
related to different values of k, h, A and 1 in various countries). Finally, we
obtain:

F(A k,h) = K (hA)' =001, (3.13)

3.1.2 The empirical analysis for the OECD countries

In Tabs. 3.1 and 3.2 we gather the data on the levels of technology and the
growth rates of technology, as well as the resulting values of the parameters
and the ratios of the innovation rates ¢’/ for, respectively, 19 TALS countries
and 10 non-IALS countries. The method of estimating A and ¢’ for the
analyzed countries is described in Appendix B.

Equation (3.10) implies that the ratio of the innovation rates ('/C is
deaggregated to the technological progress effect 1 and the human capital
effect h/h' (which expresses how many times the American human capi-
tal resource (h) is larger than in the analyzed country (h')). For almost
all countries ¢’ > (. In the conventional approach to technology, where its
growth rate depends on R&D expenditures, the relation ¢’ > ¢ seems to he
paradoxical the American R&D expenditures are one of the highest in the
world. However, this approach does not take the effects of technology diffu-
sion into account. High R&D expenditures are not necessary to have a high
growth rate, provided that one can imitate technological solutions and in-
novations from other countries. For example, a computer had to be invented
only once, in USA, and other countries soon introduced this technological
solution imitating the American invention.

The higher valucs of ¢’ in the analyzed countrics than in USA should thus
be interpreted as the joint effect of R&D expenditures (usually lower than
in USA) and technology diffusion, i.c. technology transfers from technology
leading countries. The countries that benefit the most from technology dif-
fusion are, according to the model: Portugal, Ireland and Turkey (¢'/¢ > 2).
A very fast technology growth is observed also in Italy, the Crech Republic,
Poland, Mexico, Spain, France, T.uxembourg, Greece, Teeland and South Ko-
rea (/¢ > 1.5). In Sweden, Canada, New Zealand and USA the innovation
rate is the lowest (¢' ~ (). Thus, one can conclude that the latter are rather
the suppliers of technology. Some detailed conclusions about the effects of
R&D expenditures and technology diffusion can, however, be drawn only
after we explicitly model the research activity and technology diffusion (the
imitation activity). which we will examine in next sections.
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Table 3.1: The technology level A, technological progress rate g’ and
the resulting values of ¢ for 19 IALS countries in 1999

Country s GDP p.c. A g ) h/h | /¢
(USA — 1) (%)
POR 9.87 0.471 (0.410 | 3.51 | 1.267 | 2413 | 3.058
ITA 7.18 0.673 0.699 | 1.69 | 1.048 | 1.568 | 1.643
HUN 9.12 0.261 0.257 | -0.87 | 0.739 | 1.497 | 1.106
BEL 9.34 0.765 0.808 | 2.71 | 1.031 | 1.133 | 1.327
TRT. 9.35 0.808 0.820 | 7.02 | 1.691 | 1.188 | 2.009
NED 9.35 0.743 (0.748 | 2.97 | 1.202 | 1.025 | 1.232
UK 9.42 0.654 0.708 | 1.93 | 1.077 | 1.143 | 1.231
CZE 9.48 0.456 (0.583 | 5.38 | 1.493 | 1.136 | 1.695
DEN 9.66 0.758 0.809 | 2.40 | 1.133 | 1.067 | 1.209
POL 9.84 0.225 0.239 | 1.58 | 1.034 | 1.770 | 1.831
FIN 9.99 0.704 0.790 | 4.26 | 1.358 | 0.992 | 1.347
GER 10.20 0.714 (0.694 | 1.79 | 1.060 | 1.049 | 1.112
SWI 10.48 0.862 0.836 | 2.27 | 1.117 | 1.175 | 1.312
AUS 10.92 0.695 0.656 | 2.05 | 1.092 | 1.072 | 1.170
SWE 11.41 0.674 0.761 | 2.32 | 1.124 | 0.880 | 0.990
CAN 11.62 0.751 0.738 | 1.17 | 0.985 | 0.974 | 0.959
NZL 11.74 0.578 (0.565 | 1.16 | 0.983 | 1.023 | 1.006
NOR 11.85 1.081 0.793 | 3.29 | 1.241 | 0.943 | 1.171
USA 12.08 1.000 1.000 | 1.29 | 1.000 | 1.000 | 1.000

Explanation: GDP p.c. and A with respect to USA, ¢', i’ (for w4) and ¢’ refer to a given
country, h and ¢ to USA. The method of estimating the technology parameters is given
in Appendix B.

Source: Barro and Lee [10], Hendricks [38], own calculations based on Malaga [57].

Table 3.2: The technology level A, technological progress rate ¢’ and
the resulting values of ¢ for 10 non-IALS countries in 1999

Country s GDP p.c. A g P h/h | (/¢
(USA =1) (%)
TUR 5.29 0.200 0.186 | 1.87 | 1.070 | 2.247 | 2.403
MEX 7.23 0.277 0.266 | 2.38 | 1.131 | 1.653 | 1.869
SPA 7.28 0.533 0.512 | 2.67 | 1.166 | 1.637 | 1.909
FRA 7.86 0.690 0.712 | 1.44 | 1.018 | 1.512 | 1.539
AUT 8.35 0.722 0.659 | 1.55 | 1.031 | 1.415 | 1.460
LUX 8.49 1.225 1.118 | 3.56 | 1.273 | 1.387 | 1.766
GRE 8.67 0.457 0.427 | 2.70 | 1.170 | 1.357 | 1.588
ISL 8.83 0.847 0.856 | 2.67 | 1.166 | 1.328 | 1.548
JPN 9.47 0.731 0.646 | 2.14 | 1.102 | 1.232 | 1.3537
KOR 10.84 0.455 0.411 | 6.45 | 1.622 | 1.044 | 1.693

Explanation: GDP p.c. and A with respect to USA, ¢’, b’ (for w4) and ¢’ refer to a given
country, h and ¢ to USA. The method of estimating the technology parameters is given
in Appendix B.

Source: Barro and T.ee [10], Hendricks [38], own calculations based on Malaga [57|.

In the above considerations, the influence of the innovation rate on GDP
p.c. was only given by the parameter ¢, and not ¢'/¢ only the parameter
1 is the argument of the production function (3.13). Now, we will analyze
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the influence of the technological parameters A and v on the conclusions
from the Manuelli-Seshadri model about GDP p.c., taking the production
function of the form:

1
M-S

F(Akh) = & K (hA) 0 01, (3.14)
where Aps_g is the original TFP from the Manuelli-Seshadri model?. Intro-
ducing the factor 1/A)_g, we eliminate these oversimplified differences in
TFP levels.

Using the measure (2.28), we will examine the GDP p.c. estimates in
two variants:

e variant 1: we take differences in A, ¢ = 1 (i.e. without the effect of
different technology growth rates),

e variant 2: we take differences in A and .

The wage rates per unit of human capital are taken as wy, since this was the
way that minimized the errors coming from the need to estimate w.

Table 3.3: The conclusions from the Manuelli-Seshadri model with the
modified production function — GDP p.c. (with respect to the empiri-
cal GDP p.c.) for 18 IALS countries

GDP p.c. A P GDP p.c. in
Country s varl | var2
(USA =1) (w.respect to GDPey,p)

POR 5.87 0.471 0.410 | 1.267 | 0.442 0.375
I1TA 7.18 0.673 0.699 | 1.048 | 0.709 0.687
HUN 9.12 0.261 0.257 | 0.739 | 0.792 0.974
BEL 9.34 0.765 0.808 | 1.031 | (0.982 0.881
TRT. 9.35 0.808 0.820 | 1.691 | (1.892 0.623
NED 9.35 0.743 0.748 | 1.202 | 1.068 0.942
UK 9.42 0.654 0.708 | 1.077 | 1.039 0.988
CZE 9.48 0.456 0.583 | 1.493 | 1.313 0.998
DEN 9.66 0.758 0.809 | 1.133 | 1.057 0.970
POT. 9.84 0.225 0.239 | 1.034 | 0.896 0.876
FIN 9.99 0.704 0.790 | 1.358 | 1.213 0.983
GER 10.20 0.714 0.694 | 1.060 | 1.032 0.992
SWI 10.48 0.862 0.836 | 1.117 | 0.860 0.797
AUS 10.92 0.695 0.656 | 1.092 | 0.999 0.941
SWE 11.41 0.674 0.761 | 1.124 | 1.409 1.300
CAN 11.62 0.751 0.738 | 0.985 | 1.112 1.124
NZL 11.74 0.578 0.565 | 0.983 | 1.140 1.153
NOR 11.85 1.081 0.793 | 1.241 | 1.106 0.954

mean absolute error 16.2% 14.4%

Source: own calculations based on Tabs. 2.7, 2.12, 3.1, Malaga [57].

In Tabs. 3.3 and 3.4 we gather conclusions from the Manuelli-Seshadri
model with the modified production function, concerning GDP p.c. (with
respect to the empirical GDP p.c.) for 29 OECD countries. Taking the tech-
nological factors into account leads to much better estimates of GDP p.c. —
the mean absolute error decreased to 14-16% (for the TALS countries) and

2The TFP values are gathered in Tabs. 2.12 and 2.13.
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Table 3.4: The conclusions from the Manuelli-Seshadri model with the
modified production function — GDP p.c. (with respect to the empiri-
cal GDP p.c.) for 10 non-IALS countries

GDP p.c. A P GDP p.c. in
Country s varl | var2
(USA =1) (w.respect to GDPy,p)
TUR 5.29 0.200 0.186 | 1.070 | 0.652 0.622
MEX 7.23 0.277 0.266 | 1.131 | (.841 0.773
SPA 7.28 0.533 0.512 | 1.166 | 0.690 0.621
FRA 7.86 0.690 0.712 | 1.018 | (.729 0.720
AUT 8.35 0.722 0.659 | 1.031 | 0.710 0.695
LUX 8.49 1.225 1.118 | 1.273 | 0.613 0.520
GRE 8.67 0.457 0.427 | 1.170 | 0.872 0.783
1ST. 8.83 0.847 0.856 | 1.166 | (0.776 0.699
JPN 9.47 0.731 0.646 | 1.102 | (.806 0.754
KOR 10.84 0.455 0.411 | 1.622 | 1.141 0.819
mean absolute error 24.5% 29.9%

Source: own calculations based on Tabs. 2.8, 2.13, 3.2, Malaga [57].

24-30% (for the non-TALS countries). This suggests that the role of the tech-
nological factors for economic growth is substantial. For the TALS countries,
variant 2 (differences in A and v) implies a slightly smaller mean absolute
error than variant 1, which is in agreement with theoretical predictions as-
sociated with the model described in subsection 3.1.1. For the remaining
10 OECD countries, we obtain, however, an increase in the mean absolute
error when going from variant 1 to 2. In most cases this results from the
[act that taking differences in technology levels leads to an underestimation
of GDP p.c. with respect to the empirical GDP p.c. and the introduction of
the parameter 1, the value of which for the analyzed countries exceeds 1,
leads to a further decrease in the GDP p.c. estimate. The higher value of the
mean absolute error in both variants (with respect to the TALS couniries)
suggests, however, that the conclusions for the 10 non-TALS countries are
much less reliable, which results from the very process of w estimation. For
example, if some of these countries have a higher than average quality of
schooling (we can suspect this e.g. of France or Japan), then the estimated
value of wy for these countries should be higher than the one obtained from
the regression equation (2.27) ,which would lead to higher values of GDP p.c.
In such case, the introduction of the variable ¥ could improve the quality of
estimates.

It seems that the actual diffusion effects are too complex to be captured
by a single variable in the production function. For most countries the ratio
¢'/¢ exceeds 1 by quite a large amount, which means that the diffusion
effects play an important role in technological progress and thus in economic
growth. In the next sections, we will consider some more advanced models
of technological progress with technology diffusion and we will analyze their
empirical implications.
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3.2 Technological progress model with technology
diffusion

3.2.1 Technology dynamics equation

Let us consider the following differential equation for the technological vari-
able A(t): .
A(t) = €A = GA(1), (3.15)

where: £ a parameter that measures the inputs for technology development,
0 the effective depreciation rate of technology, with technology diffusion
effect. v — a parameter that measures the scale effects.

Eq. (3.15) is a Bernoulli-type equation. To transform it to a linear dif-
ferential equation, we substitute:

y=A". (3.16)
Hence: L
1
A=y, dA==yr lay. (3.17)
Y
Then, eq. (3.15) takes the form:
1 1 1 1
SRR STER (3.18)
Y
After some simplifications, we obtain:
y(t) +0y(t) =€, (3.19)
with an initial condition:
y(0) = A(0)". (3.20)

Eq. (3.19) is a non-homogeneous linear differential equation. Let us denote
by Y(s) the Taplace transform Z{y(t)}. Then:

L{y(t)} = sY (s) — A(0)7, (3.21)
#hey =2 (3.22)
Eq. (3.19) after Laplace transform takes the form:
(s 4+70) Y(s) = % + A0, (3.23)
Hence: c
28 i
Y(s) == FAOT__ % AOr (3.24)

s+v6  s(s+v5)  s+r6

We now take the inverse Laplace transform:

L7 HY (s)} = y(t) = —g (e‘”‘st — 1) + A(0)Ye™ 0, (3.25)
Thus, we have:
y(t) = (A(O)7 - %) e 4 % (3.96)
Returning to the variable A(t), we obtain the growth path of the technolog-
ical variable:
¢ s € 1/y
Alt) = ((A(o)7 _ 5) e 4 5) : (3.27)
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which describes the dependence of the time path of technology on expendi-
tures on R&D and the depreciation and diffusion effects.

3.2.2 The form of the diffusion term

We will now assume that if the level of technology in the analyzed country is
lower than in the reference country, then the diffusion effect is proportional
to the difference in technology levels. Then, the effective depreciation rate
can be written as:

A(0) = T(0)
A(0)
where: d4 — technology depreciation rate, d — coefficient that characterizes
the diffusion effect, T'(0) — the initial value of the function T'(¢), which de-

scribes the technology of the technological leader.

§=64+d (3.28)

If A(0) < T'(0), the diffusion effect lowers the effective depreciation rate
of technology. Tf we take the depreciation rate of technology to be zero (and
its obsolescence is thus expressed e.g. in the prices of the goods produced
with this technology), then the effective depreciation is equivalent to diffu-
sion and the technology dynamics equation can be written as:

Lo _ . T(0) — A(0)
A(t) = €A + dw

A(t). (3.29)

With such an assumption, a twofold difference in the initial levels of
technology of the analyzed and the reference country (i.e. A(0) = 7(0)/2)
means that the growth rate of technology in the analyzed country (A/A)
exceeds the growth rate of technology of the technological leader by the
value of d.

The model (3.29), in the case v = 0, is the Nelson-Phelps model, given by
eq. (1.75)%. The generalization to the case v € (—o0, 1] makes it possible to
take into account the influence of the earlier technology on its development.
If v € (—00,0), then we have increasing returns to scale, i.e. the research ac-
tivity becomes increasingly effective, which is due to the growing knowledge
resource, which can be nused in current research. If v € (0, 1], then this influ-
ence ig in the reverse direction, which corresponds to the assumption that
the knowledge that was the easiest to discover has already been discovered
and thus research becomes increasingly difficult. The arbitrary assumption
v =0, i.e. the assumption of an ideal equilibrium between the two effects of
past knowledge, does not seem plausible without empirical verification. The
solution to eq. (3.29) is, according to (3.27), given by:

1/~
£ 77,dA(1))—T(o)t £
A(f) = (A(O)’Y — m e A(0) + m . (330)
© A(0) T A(0)

The assumption that the factor % is fixed throughout the whole

period of analysis, which is needed to find the analytical solution to eq.
(3.29), suggests the following application of the model. We substitute the
initial values of the parameters in eq. (3.30) and calculate the resulting
values of A(t) for t < t*, where t* denotes the time when the assumption of
constancy of the parameters is not plausible any more. Then, we substitute

3The Nelson-Phelps equation can be solved analytically also if the factor % is

replaced by %’?(0
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new parameter values in eq. (3.30) (in particular, A(¢t*) and T'(¢*) instead of
A(0) and T(0)) and perform the analysis for the period t* < ¢ < 2t*, ete. If
t* — 0, we get an exact solution to the differential equation:

At) = €AW + d%t;l(t)/l(t), (3.31)

ie. eq. (3.29) with a variable diffusion term.

Figure 3.1: Example of dynamics of the relative technology A(t)/T(t) for
various values of v, with ¢* =1

0.95
0.9
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Explanation: parameter values: £ = 0.049, d = 0.044, A(0) = 0.97°(0), & = 0.1 (for the
technology leader).

An example of dynamics of the relative technology A(t)/T'(t) for various
values of the parameter v, with t* = 1, is depicted in Fig. 3.1. The values
of the remaining parameters are: £ = 0.049, d = 0.044, A(0) = 0.97°(0),
& = 0.1 (for the technology leader). According to the Benhabib-Spicgel
model (subsection 1.3.1), the technology of a country with these parameter
values will always grow slower than the technology of the technology leader
(since £ +d < &) and the limiting value of the ratio A(t)/T(¢) (at infinity)
is 0. Setting v = 0, we obtain the Nelson-Phelps model, which implies a
constant decrease of the relative technology to Q = 0.4665 (eq. (1.78)). The
values v > 0 lead in turn to a reversal of the tendency of relative technology
and it happens earlier for higher values of v. For v < 0, we have a constant
decrease of the relative technology to zero in finite time or to the equalization
of technologies in the given country and the technological leader, also in finite
time.

3.2.3 Empirical analysis for the OECD countries

The empirical analysis was performed in the following way. We assumed
that the relevant parameters of the model do not change within one-year
periods (in particular this concerns the factor w% thus t* = 1 year.
The period of the analysis was 1981-1999 — for this period we have all the
necessary data on R&D expenditures for most countries [81]4. For some of

the countries we have the data only for the period 1991-1999. All technology

4See Appendix C.
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levels are normalized such that USA in 1981 has unit technology. The value of
the parameter v was calibrated in such a way that the resulting dynamics for
the United States was as close as possible to the empirical dynamics for this
country (which is assumed to be the technological leader). The calibration
criterion was the Mean Relatwe Error (M RE) of technology level estimate,
defined for the i-th country as:

MRE = i [A(t) — AT () (3.32)

= Afmp (t) )

where A;(t) denotes the level of technology that results from the model at
time t, A7 (t) the empirical level of technology at time ¢, 7 is the length of
the analysis period (for most countries 7 = 19).

Fig. 3.2 shows the empirical (A“"P(t)) and resulting from the model
(A(t)) levels of technology in USA, which correspond to the calibrated value
~v = 0.96 (which minimizes the mean relative error (3.32)). The model implies
that technology grows almost linearly (exactly linear behaviour corresponds
to v =1 and constant R&D expenditures). We can observe large fluctuations
in the empirical dynamics of A®™P(t)?, which implies that the agreement of
the model and empirical data is moderately good.

We analyze the model implications for the following v values:

Figure 3.2: Empirical (A°"P(t)) and resulting from the model (A(¢)) lev-
els of technology in USA for the calibrated value v = 0.96
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Explanation: all values with respect to 1981.

e v=5/4,

e v =1 (linear growth of technology within one-year periods),
e 7 =0.96 (the calibrated value of ),

e v =3/4,

e v=1/2,

o y=1/4,

*These fluctuations result from the method of calculation of technology levels A, which
is sensitive to the cyclical fluctnations of GDP p.c.
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e v =0 (the Nelson-Phelps model),

e v = —1 (in this case the growth rate of technology increases with
increasing technology).

Tab. 3.5 shows the calculated values of the diffusion coefficient for the an-
alyzed countries. These are the values that minimize M RE for any given
country.

The diffusion coefficients d differ substantially among the countries. The
largest differences can be observed for high values of the parameter v —

Table 3.5: Diffusion coefficients d that minimize M RE for the analyzed
conuntries

0

Ctry | W' /R 1.25 1.00 0.96 0.5 0.50 0.25 0.00 -1.00
AUS | 093 | 0.012 | 0.014 | 0.014 | 0.015 | 0.017 | 0.019 | 0.020 | 0.025
AUT | 0.71 | 0.014 | 0.017 | 0.017 | 0.019 | 0.021 | 0.023 | 0.024 | 0.025
BEL | 0.88 | 0.018 | 0.018 | 0.018 | 0.018 | 0.017 | 0.017 | 0.017 | 0.015
CAN | 1.03 | 0.019 | 0.020 | 0.020 | 0.021 0.023 | 0.024 | 0.025 | 0.027
CZE | 0.88 | 0.011 0.013 | 0.013 | 0.014 | 0.015 | 0.016 | 0.017 | 0.018
DEN | 0.94 | 0.024 | 0.026 | 0.027 | 0.028 | 0.030 | 0.031 0.033 | 0.034
FIN | 1.01 | 0.018 | 0.021 | 0.021 | 0.023 | 0.025 | 0.027 | 0.028 | 0.030
FRA | 0.66 | -0.012 | -0.009 | -0.009 | -0.007 | -0.004 | -0.002 | 0.001 | 0.008
GER | 095 | -0.017 | -0.013 | -0.012 | -0.010 | -0.006 | -0.003 | 0.000 | 0.010
GRE | 0.74 | 0.015 | 0.016 | 0.016 | 0.016 | 0.017 | 0.017 | 0.017 | 0.018
HUN | 0.67 | -0.016 | -0.014 | -0.013 | -0.012 | -0.010 | -0.009 | -0.008 | -0.005
TRT. | 0.84 | 0.043 | 0.045 | 0.045 | 0.046 | 0.048 | 0.049 | 0.051 0.052
ISL 0.75 | 0.066 | 0.066 | 0.066 | 0.066 | 0.065 | 0.064 | 0.063 | 0.056
ITA | 0.64 | 0.042 | 0.044 | 0.044 | 0.045 | 0.047 | 0.048 | 0.048 | 0.048
JPN | 0.81 | -0.007 | -0.001 | 0.000 | 0.004 | 0.008 | 0.012 | 0.015 | 0.024
KOR | 0.96 | 0.003 | 0.008 | 0.009 | 0.012 | 0.015 | 0.018 | 0.020 | 0.022
MEX | 0.61 | 0.006 | 0.007 | 0.007 | 0.008 | 0.008 | 0.008 | 0.008 | 0.008
NED | 0.98 | -0.006 | -0.004 | -0.003 | -0.001 | 0.001 0.004 | 0.006 | 0.011
NZL | 0.98 | 0.006 | 0.008 | 0.008 | 0.009 | 0.011 | 0.012 | 0.013 | 0.016
NOR | 1.06 | 0.041 | 0.043 | 0.044 | 0.044 | 0.045 | 0.045 | 0.046 | 0.048
POL | 0.57 | -0.002 | 0.001 | 0.001 | 0.002 | 0.004 | 0.004 | 0.005 | 0.006
POR | 0.41 | 0.015 | 0.016 | 0.017 | 0.017 | 0.018 | 0.019 | 0.019 | 0.020
SPA | 0.64 | 0.014 | 0.015 | 0.015 | 0.016 | 0.017 | 0.018 | 0.019 | 0.021
SWE | 1.14 | -0.036 | -0.033 | -0.033 | -0.030 | -0.027 | -0.024 | -0.022 | -0.012
SWI | 0.85 | -0.045 | -0.044 | -0.044 | -0.043 | -0.042 | -0.040 | -0.039 | -0.033
TUR | 045 | -0.001 | 0.001 | 0.001 | 0.002 | 0.003 | 0.003 | 0.004 | 0.004
UK 0.88 | -0.013 | -0.010 | -0.010 | -0.007 | -0.005 | -0.002 | 0.000 | 0.008

Explanation: h’'/h — human capital p.c. with respect to USA.
Source: own calculations based on Tabs. C.1 and C.2.

-0.045 to 0.066. The negative value of v implies much smaller differences
in d. According to Nelson and Phelps [61], the diffusion coefficient d is a
function of human capital. To verify this hypothesis, we plot the calculated
values of d vs. human capital resources p.c. computed from the Manuelli-
Seshadri model — Figs. 3.3 (y =0.96), 3.4 (y =0) and 3.5 (y = —1).

As can be seen on the plots, the Nelson-Phelps hypothesis should be
rejected. For example, Sweden has the highest human capital resources p.c.
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Figure 3.3: The diffusion coefficients vs. human capital resources p.c.
(with respect to USA) from the Manuelli-Seshadri model; v = 0.96
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Figure 3.4: The diffusion coefficients vs. human capital resources p.c.
(with respect to USA) from the Manuelli-Seshadri model; v =0
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Figure 3.5: The diffusion coefficients vs. human capital resources p.c.
(with respect to USA) from the Manuelli-Seshadri model; v = —1
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and a negative diffusion coefficient, whereas Italy has one of the smallest
human capital resources p.c. and the diffusion coefficient is one of the highest.

Now, let us consider the negative values of diffusion coefficients for some
countries. By analyzing the time series of R&T expenditures in such coun-
tries (Tabs. C.1 and C.2), one can notice that these expenditures are almost
as high or sometimes even higher than the expenditures of the technolog-
ical leader (USA). At the same time, their growth rates of technology are
similar to the American growth rate. A negative value of d means thus that
the R&D expenditures in such countries are allocated less effectively than
in USA. It seems therefore that we should rewrite the technology dynamics
equation as:

A(t) = e€AW)' T + diT(OZUf(O)

where the parameter ¢ denotes an average efficiency of 1% of GDP p.c.
allocated to research and development. The values € < 1 lead to higher
values of the diffusion coefficient. However, to find an empirical measure for
the parameter € seems to be very difficult, if possible.

The problem of efficiency of R&D expenditures is not limited to the
countries with high levels of these expenditures. The efficiency of allocation
in the countries with lower expenditures can also be lower than in USA.
Then, the diffusion coefficients in Tab. 3.5 would also be too low (their
positive values mean, however, that the diffusion effect is much stronger
than the efficiency effect, the reverse holds true for countries with d < 0).
Thus, we should treat the calculated values of the diffusion coefficients as
lower bounds — since one should not expect that the efficiency of allocation
in these countries is higher than in USA. It is worth to mention that the «
values which are lower than the calibrated value of 0.96 can be interpreted
as representing the model with v = 0.96 and with the efficiency parameter
€ proportional to A. For example, for the v = —1 model, we can write:

T(0) — A(0)
A(0)

A(t), (3.33)

At) = A(t)M 95 A(t) 0% +d A(t), (3.34)
where ¢ = A9 expresses the dependence of the efficiency of R&D expen-
ditures on technology. Thus, this efficiency is the highest in countries with
technology levels similar to the American level. The values of d at v = —1
are higher for almost all countries with respect to the values for positive d,
which is in accordance with the above given argumentation. However, the
assumption that the efficiency parameter € depends only on technology level
is certainly too simplified.

Tab. 3.6 gathers the average values of the diffusion coefficient d for var-
ious values of v. We calculated 3 kinds of averages:

e avg. 1 — arithmetic mean of all diffusion coefficients,

e avg. 2 arithmetic mean of the positive diffusion coefficients, the neg-
ative values were set to (,

e avg. 3 arithmetic mean of the positive diffusion coefficients, the neg-
ative values were discarded,

As stated before, the values of the diffusion coefficients in Tab. 3.5 are
lower bounds for the actual values. Thus, avg. 1 is the lower bound for
the average value of d. This average is positive, which suggests that the
diffusion effects are an empirical fact and they should be taken into account
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in empirical research on economic growth. The average value of the diffusion
coefficient is between 0.8% and 1.9%, which means that the technology of
a country with initially 50% worse technology than the leader will grow at
a rate that exceeds the leader’s rate by 0.8% to 1.9%, provided that R&D
expenditures are the same.

Table 3.6: Averages of the diffusion coefficients d for various values of ~

~y
125 | 1.00 | 096 | 0.75 | 050 | 0.25 | 0.00 | -1.00
avg. 1| 0.008 | 0.010 | 0.010 | 0.012 | 0.013 | 0.015 | 0.016 | 0.019
avg. 2 | 0.014 | 0.015 | 0.015 | 0.016 | 0.017 | 0.018 | 0.018 | 0.021
avg. 3| 0.022 | 0.020 | 0.019 | 0.020 | 0.022 | 0.023 | 0.021 | 0.023

Source: own calculations based on Tab. 3.5.

Taking the lower bound for the diffusion coefficient to be 0, avg. 2 can be
interpreted as a more realistic assessment of the average diffusion coefficient.

For countries for which the efficiency effect discussed above is relatively
small (e.g. for small R&D expenditures the meaning of the diffusion term
is much more important) avg. 3 can be regarded as the most realistic es-
timate for the average diffusion coefficient. For this average. the dispersion
with respect to v is rather small  from 1.9% to 2.3%. These values can be
interpreted in a similar way to the values for avg. 1.

3.2.4 Empirical verification of the Manuelli-Seshadri model
with technology diffusion

In this subsection we will present the results of empirical verification of the
Manuelli-Seshadri model with the technology given by the analyzed model
with technology diffusion. We will analyze the mean relative error (M RE)
of GDP p.c. estimates, calculated from eq. (3.14), with the assumption that
the diffusion coefficient has the same value for all countries. Such assumption
is compatible with the result from the previous subsection the diffusion
coefficients d do not depend on human capital resources.

Tab. 3.7 presents the calculated values of the diffusion coefficient d that
minimize M RE of GDP p.c. estimates for 27 OECD countries. Fig. 3.6 shows
the values of d for arbitrary values of 7 € [~2,2]. The lower the value of
~. the bigger the technology diffusion effect, since lower values of v imply
a slower growth of technology related to R&D expenditures. The obtained
results are much better than the results obtained without taking technology
into account (Tab. 2.10 (TALS countries) and 2.11 (the remaining OECD
countries)) and comparable to the ones from the Manuelli-Seshadri model
with exogenous technological progress (Tab. 3.3 (IALS countries) and 3.4

Table 3.7: The values of the diffusion coefficient d that minimize the
mean relative errar of GDP p.c. estimates in the Manuelli-Seshadri
model with technological progress and technology diffusion

5
1.25 1.00 0.96 0.5 0.50 0.25 0.00 | -1.00
d 0.006 | 0.010 | 0.010 | 0.013 | 0.017 | 0.020 | 0.024 | 0.035

MRE(d) (%) 19.89 | 19.47 | 19.40 | 19.07 | 18.71 | 18.38 | 18.08 | 17.57
MRE(d=0) (%) | 20.90 | 21.13 | 21.16 | 21.49 | 22.07 | 22.97 | 24.48 | 33.46

Explanation: MRE(d) - MRE for the calculated value of d, MRE(d = 0) - MRE for
the model without technology diffusion, i.e. for d = 0 in all countries.
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Figure 3.6: The dependence of the diffusion coefficient d that mini-
mizes the mean relative error of GDP p.c. estimates in the Manuelli-
Seshadri model with technological progress and technology diffusion
on vy
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(the remaining OFCD countries)), which takes into account the empirical
level of technology of the analyzed countries in 1999. This suggests that the
model of technology with a diffusion effect accounts in a satisfying way for
the technology dynamics in the analyzed countries and allows to explain
relatively high rates of technology growth in countries with relatively low
R&D expenditures. Models without technology diffusion (e.g. the analyzed
model with d = 0 for all countries) lead to higher values of the mean relative
error of GDDP p.c. estimates, especially for lower values of . The values

Figure 3.7: The dependence of M RE of the GDP p.c. estimate at the
calibrated (ones that minimize M RE(d)) values of the diffusion coeffi-
cients d on v

0.25

MRE

v &~ —1 lead to the relatively smallest values of M RE, which is depicted
in Fig. 3.7. At this value of v the model without diffusion fails completely,
leading to twice bigger errors of GDP p.c. estimates.

The main source of uncertainty in the analyzed model is the assumption
of the same value of the diffusion coefficient for all countries. As shown in
subsection 3.2.3, in some countries the R&D expenditures are similar or
higher than in USA and their technology growth rates are similar to the
American one, despite the fact that the diffusion effects should raise these
growth rates above the American level. This leads to a conclusion that these
countries must have a lower efficiency of R&D expenditures, which is not
explicitly taken into account in the model. A simplified way to take this into
account is to assumec a lower value of the paramcter . In such case, the
diffusion coefficients increase and are closer to one another.

It seems that the above reasoning is an argument for taking lower values
of v, which is also suggested by Fig. 3.7.
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However, we could obtain even better results if we introduced a measure
of efficiency of R&D expenditures. Thus, the diffusion coefficients would be
positive and would have similar values in different countries and v could be
assumed to equal (.96, the value that gives the best fit to empirical data in
the case of USA, the country for which d = 0 by definition. Introduction of
such measure of R&D efficiency could in this way be a direction for further
research on this model.

3.3 Endogenous model of technological change with
technology diffusion

In this section we will consider an endogenous model of technological change
with technology diffusion and two components of technology. This is an
extension of the Romer model.

3.3.1 Setup of the model

T.et us consider an economy in which production at time ¢ is given by the
function: -
Y(t) = (B(t)Hy(t))l_e/) (i, t)°di, (3.35)
(
where z(i) denotes the amount of i-th intermediate good, Hy human capital
resource employed in the production sector. B can be interpreted as the effi-
ciency of implementation of the intermediate goods production technology.
We assume that it is not cnough to invent a technology. it also has to be
adapted to be effectively used in the economy.
Let us assume that the range of available intermediate goods equals A,
i.e. Vi > A: z(i) = 0. Symmetry implies that Vi < A: z(i) = Z. Hence,
physical capital resource can be defined as:

A
K= / (i)di = Az. (3.36)
Jo
The production function can be written as:

Y

A
(BHy)'™? / 7°di = (BHy)' " Az’ =
JO
= (BHy)'70A'"94%% — K%(ABHy)'7?. (3.37)

This is a Cobb-Douglas production function with Harrod-neutral techinology,
being a product of two functions A and B. which represent the range of
available intermediate goods and the efficiency of their use, respectively.
The form of eq. (3.37) implies that A and B are complementary techno-
logical factors. The development of technology and thus production increase
with given K and H resources can result from intermediate goods produc-
tion technology investments or from investments that raise the efficiency of
application of prior technologies. Thus, we have two research sectors which
aim at increasing the technology level of the analyzed country, i.e. increasing
the product AB. The marginal rate of substitution between A and B equals:

gy oy B
0A 0B A’
which means that one unit of A (technology of production of one interme-

diate good) can be replaced by B/A units of B (which is an increase of the
efficiency of prior technologies by B/A units). In the case when one tech-

MRS p = (3.38)
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nological factor dominates over the other, its further development leads to
relatively smaller increase in productivity thus one can not continually in-
troduce new technologies for intermediate goods without their adaptation to
meet the specific requirements of a given economy. The reverse is also true —
one can not constantly adapt old technologies sometimes an introduction
of a brand new technology is more profitable.

Tet us assume that the technologies of intermediate goods production
may come only from other countries — thus the increases in A can only come
from technology diffusion. We will take the following form of the dynamics
cquation for the variable A:

Ay = a2 (rey - Ay, (3.39)
hap

where d is the technology diffusion parameter, h(¢t) human capital p.c.
(at time t) employed in the diffusion sector (i.e. the sector that imports the
technologies of intermediate goods production from the technological leader),
hap the total amount of human capital p.c. used in both research sectors®,
and T'(t) is the range of intermediate goods available in the technological
leader country.

We thus assume that the technological leader renders the technologies of
intermediate goods production accessible to other countries the more will-
ingly, the older (the more distant from the technology frontier) the technol-
ogy is. The larger the stock of “research” human capital devoted to intro-
ducing new technologies, the faster the technology transfer. We also assume
that the growth rate of technology is linear in the stock of human capital,
i.e. each worker contributes the same to diffusion.

The variable B(t) will be interpreted as the level of adjustment of inter-
mediate goods production technologies to the characteristics of the economy
of a given country (e.g. the economy’s structure). We assume the following
form of the B(t) dynamics equation:

n
B(t) = £(t) <h37(“)) B(t)', (3.40)
has

where £ denotes the expenditures on technology implementation, hp(t) the
amount of human capital in the implementation sector, and 1 and v are
parameters. The sum ha(t)+ hp(t) is denoted by hap(t) and is given at any
time t as hap(t) = h(t) — hy (t), where h(t) — the total amount of human
capital p.c. in the economy, hy (t) — its fraction used in the production sector.
We also assume that n € (0,1), i.e. there are decreasing returns to scale
in the implementation sector, since the work of some researches can lead to
the same effects, i.e. to two inventions of the same way to effectively adapt
some technology from the technological leader. Thus, the imitation sector’s
activity is more “creative” than the activity of the diffusion sector which

does not suffer from decreasing returns to scale”.
To effectively apply some technology i, it is necessary to incur costs re-
lated to its introduction (this cost is the production decrease due to the
use of some human capital in the research sector) and implementation (ex-

%hap can be taken as the total human capital p.c. in the research sectors at any
arbitrary time — then the results of the empirical analysis can be a little different.

“In the general case, one can assume decreasing returns to scale also in the diffusion
sector. The above argumentation suggests that the exponent of ha in eq. (3.39) will be
closer to 1 than the exponent 7 in eq. (3.40). Here, we consider the case in which A
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penditures £ and the decreased human capital resource in the production
sector).

In the technological leader country the level of technology T'(t) (the range
of intermediate goods available at time t) grows exclusively because of the
activity of the rescarch and development sector (there is no diffusion). The
dynamics of technology in the technological leader country is governed by
the same type of equation as (3.40):

. hr(t)\"
76 =¢0) (1) T (3.41)
hT
where hr(t) denotes the total amount of research human capital p.c. (at

time t) and hyp its value in the last period (i.e. hy = h%%“).

We thus assume that the R&D sector’s activity in the leader country is
analogous to the implementation sector of other countries and depends on
the expenditures £ and human capital resources used in this sector (denoted
by hr: these resources can not be used in the production sector).

Now, we will find the solutions to the differential equations (3.39), (3.40)
and (3.41). We assume that all quantities in these equations are constant, ex-
cept for, respectively, A, B and T. We denote by Y (s) the Taplace transform
of the variable A(t), thus eq. (3.39) takes the form:

dhaT !
sY(s) — A(0) = A% _ gy (s). (3.42)
hags hap
Hence,
A0 dhaT
Y(s)= ( })L = - (3.43)
S+di A haps(s+ d+4-)
VAB hAB

Taking the inverse T.aplace transform yields:

_3ha(0)

A(t) = (A(0) = T(0))e  *as +T(0). (3.44)

This equation is valid for a short period after time 0 (such that T'(t) = T'(0)
and ha(t)/hap =~ ha(0)/hap; it seems realistic to assume that the latter
condition is exact, i.e. ha(t)/hap = ha(0)/hap for small t —the employment
structure can not be perfectly elastic any movements between the sectors
can not be immediate) — thus we assume that ¢ is smaller than some constant
t*.

Introducing now an auxiliary variable 2 = B" and denoting by X(s) the
Laplace transform of the variable z(t), we get the transformed eq. (3.40):

hp \"
X(s) = &90) n %(:;B) (3.45)

Taking now the inverse Laplace transform and returning to the variable B(t),

we get:
n N\
B(t) = (B(o)W +4€(0) <}§A(2)> ]t> . (3.46)
Analogously, /
n o\ 1/
T(t) = (T(O)7 +7€(0) (hE(TO)> t) 4 (3.47)

Equations (3.46) and (3.47), similarly to eq. (3.44), are valid for ¢ < t*.
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3.3.2 Optimal allocation of human capital in the research
sector

Under the notion of optimal allocation of human capital in the research sector
we will understand such allocation of human capital resource H — Hy (i.e.
human capital not used in production; H denotes the total human capital
in the economy) between the diffusion sector and the implementation sector
that the growth rate of production p.c. §/y is maximal.

Production p.c. is given by:

y = k'(ABhy )9, (3.48)

where: k  physical capital p.c., hy production sector’s human capital p.c.
The growth rate of y equals:

gk A B hy
L=+ (1-0)"+1-60)—=+(1—0)-—. 4
) O +(1-0) 5 +(1-0)5+( e)hy (3.49)

The growth rate (3.49) can be written as:

% = f(ha, hp) + const, (3.50)
where:
ha T—A h n
flhashn) = (1= 0) a2t TS -0y (X2 ) B, @)
hap A hap
and the term: . .
const = Hﬁ +(1-9) hy (3.52)
k hy

does not depend on hy and hg8. Since hy = h — hy — hp, the expression

(3.51) can be written as a function of only one variable hp:

(h—hy —hp) (T —A)
hap A

F(hg) = (1—0)d +(1—-0)¢ (ﬁ)"B*v. (3.53)

hap

The growth rate 3/y will be maximal (for given k/k and hy /hy) when
the function f(hp) reaches a maximum. The necessary condition for the
existence of an extremum of a function of one variable f'(hp) = 0 implies
that the implementation sector’s human capital has to satisfy:

1
d ,T—A>n*1 (354)

Y =hap | —B"
B AB(U& A

The second derivative of the function f(hp) with respect to hp equals:

—1)
F(hg) = (1 — o)M=V py-2 . (3.55)
hag
Since n € (0,1), f"(hp) < 0 for arbitrary hp. The value hj; corresponds
thus to the maximum of the function f(hp). Hence, the optimal allocation

of human capital p.c. satisfies for the diffusion sector:

f An alternative formulation in which ha, hp and hy can take any values, only limited
by the balance condition ha + hp + hy = h (with given h), i.e. the problem of allocation
of human capital between three sectors to maximize g/y, leads, for realistic values of the
parameters, to unrealistically small values of hy. The criterion for the maximization of
y/y is thus improper for such allocation problem.
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(3.56)

1
~ d T — A\ n1

hMy=h—hy —h (—B"Y )
A Y AB re 2

3.3.3 Empirical analysis for the OECD countries

The empirical analysis based on this model was performed in a similar fash-
ion to the analysis of the model from section 3.2. We assume t* = 1 year and
again cover the period 1981-1999, for which we have the necessary data on
R&D expenditures for most countries® |81 (the parameter ¢ in the dynamics
equations for variables B and T) and the number of researchers per 1000
employed [82], [83].

The number of researchers per 1000 employed was used to find the
amount of human capital that is used in the research sectors — hap. For
USA, the technological leader which has no diffusion sector (by definition),
the human capital resource in the (only) research sector is denoted by hyp
and the symbol T is the level of technology that corresponds to the product
AB for other countries. We assume that a person employed in the research
sectors has three times larger amount of human capital than an average
inhabitant of the respective country'?.

The total amount of human capital for 1999 has been found from the
Manuelli-Seshadri model (see Tabs. 2.9 and 2.11 for the human capital re-
sources p.c. with respect to USA). We assume that in the preceding years
it decreases with an average rate of 1% per year''. All technology levels are
given with respect to USA in 1981. We assume that for each country A =B
holds in 1981, i.e.:

A(0) = B(0) = 1/ Aemyp(0). (3.57)

We consider a few values of the parameter n:

e 77 =0.01 (the growth rate of B is thus almost indpendent on hp),

e 1 = 0.19 (this value leads to the smallest mean absolute error of GDP
p-c. estimation in the Manuelli-Seshadri model, with analogous pro-
cedure of analysis to the one in subsection 3.2.4. The mean absolute
error is then 18.96%.),

o 1 =0.25,
o 1 =0.5,
e n=0.75,

e 1 =0.99 (almost linear dependence of B on hp).

The parameter « for a given value of 7 has been calibrated in such a way
that the model and empirical dynamics for the technological leader were as
close as possible, with the mean relative error as the matching criterion.

The results of the calibration procedure for the parameter v are shown
in Fig. 3.8. Increasing n leads to lower calibrated values of v, except for the
interval n € (0.3; 0.4), where we have a reversed dependence resulting from
irregularities in the time series of £, hy and T.

Fig. 3.9 shows the empirical (T, (t)) and model (T'(t)) technology level
for USA., corresponding to the calibrated value of v = 0.61 which minimizes
the mean relative error of GDP p.c. estimation in the Manuelli-Seshadri
model with technology given by the presently analyzed model. The impli-

9Gee Appendix C.
The case of other ratios of human capital of a researcher to human capital of an
average inhabitant has also been investigated and it leads to very similar conclusions.
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cation of the model is that technology grows almost linearly (strictly linear
behaviour would be observed for v = 1, = 1 and constant R&D expen-
ditures and human capital resources hy). The fluctuations in the empirical
dynamics of T¢"P(t) imply that the fit of the model to empirical data is
moderately good.

Table 3.8: The diffusion coefficients d that lead to the minimal M REs

vy=|-0.64 | -021 | 0.24 | 049 | 0.61 | 0.94
Country n=| 0.99 | 0.75 | 0.50 | 0.25 | 0.19 | 0.01
AUS 0217 | 0.206 | 0.168 | 0.111 | 0.096 | 0.049
AUT 0.415 | 0.391 | 0.318 | 0.210 | 0.183 | 0.055
BEL 0.222 | 0.206 | 0.152 | 0.091 | 0.078 | 0.035
CAN 0.444 | 0.397 | 0.237 | 0.126 | 0.108 | 0.051
CZE 0.088 | 0.085 | 0.076 | 0.058 | 0.053 | 0.030
DEN 0.527 | 0.491 | 0.397 | 0.258 | 0.217 | 0.099
FIN 0.687 | 0.667 | 0.621 | 0.360 | 0.276 | 0.107
FRA 0.334 | 0.292 | 0.081 0 0 0
GER 0.216 | 0.154 | 0.066 | 0.027 | 0.020 0
GRE 0.169 | 0.165 | 0.161 | 0.150 | 0.145 | 0.119
HUN (0 (0 0 0 0 0
IRL (0.445 | (0.438 | 0.432 | 0.412 | 0.386 | 0.301
ISL 0.999 | 0.875 | 0.606 | 0.328 | 0.281 | 0.153
ITA 0.334 | 0.318 | 0.261 | 0.186 | 0.163 | 0.091
JPN 0.346 | 0.324 | 0.252 | 0.115 | 0.079 | 0.020
KOR 0.098 | 0.096 | 0.089 | 0.072 | 0.065 | 0.038
MEX 0.029 | 0.029 | 0.029 | 0.027 | 0.027 | 0.023
NED 0.176 | 0.148 | 0.089 | 0.045 | 0.037 | 0.010
NZL 0.128 | 0.124 | 0.109 | 0.068 | 0.060 | 0.031
NOR 0.587 | 0.584 | 0.444 | 0.319 | 0.244 | 0.115
POL 0.024 | 0.023 | 0.023 | 0.019 | 0.018 | 0.011
POR 0.210 | 0.206 | 0.200 | 0.184 | 0.181 | 0.155
SPA 0.162 | (0.159 | 0.153 | 0.137 | 0.130 | 0.085
SWE 0.256 | 0.181 0 0 0 0
SWI 0.380 | 0.097 0 0 0 0
TUR 0.020 | 0.019 | 0.019 | 0.017 | 0.016 | 0.011
UK 0.191 | (.150 | 0.059 | 0.023 | 0.017 0

Source: own calculations based on Tabs. C.1, C.2, C.5 and C.6.

Figure 3.8: The calibration of the parameter v far a given value of n
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" The calculated human capital resources p.c. in the research sectors are given in Ap-
pendix C.
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Figure 3.9: Empirical (T.mp(t)) and madel (T(t)) technology level for
USA, with 7 =0.19 and the calibrated value of v = 0.61
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In Tab. 3.8 we present the values of the diffusion coefficient which mini-
mize the mean relative error M RE. here defined as:

MRE - Z 4GB0 A

(3.58)

Table 3.9: The average values of the diffusion coeflicients d at various
values of 1 and v

vy= | -0.64 | -021 | 024 | (049 | 0.61 | 0.94
n= 099 | 075 | 050 | 025 | 0.19 | 0.01
avg. 1| 0.285 | 0.253 | 0.187 | 0.124 | 0.107 | 0.059
avg. 2| 0.296 | 0.263 | 0.210 | 0.145 | 0.125 | 0.076

Source: own calculations based on Tab. 3.8.

where: A;(t) and B;(t) — technology levels resulting from the model at time
t, AP (t) — the empirical level of technology at time ¢, 7 — length of the
analysis period (for most countries 7 = 19, i.e. the period 0 = the year 1981,
the period 7 — the year 1999).

Similarly to the model analyzed in section 3.2, the differences in the cal-
culated diffusion coefficients are very large. We get much higher values of
these coefficients than in the previous model, where the form of the diffu-
sion equation (3.39) is different. Thus, one can define an effective diffusion
coefficient, which is comparable to the diffusion coefficient in the model of
section 3.2:

doy = A (3.59)
hap

In the countries where the diffusion sector is dominating, the effective
diffusion coefficient d.yy is similar to the diffusion coefficient d. When the
implementation sector dominates, there are large differences in the values of
deyy and d. Since hA/ilAB is not constant over time, the effective diffusion
coefficient is also a function of time and thus we analyze it together with
the time paths of hy and hp.

In the analyzed model, we also have zero values of the diffusion coef-
ficients. They emerged in situations when decreasing d led to a decrease
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of MRE. The form of eq. (3.54) implies that negative values of d are not
allowed, since d = 0 already means that all research human capital hap
is employed in the implementation sector (hap = hp). Analogously to the
model from section 3.2, taking a lower efficiency of R&D expenditures £
leads to lower efficiency of the implementation sector and thus makes the al-
location of some human capital in the diffusion sector potentially profitable
(in this way, d > 0).

Tab. 3.9 gathers the average values of the diffusion coefficient d for var-
ious values of parameters 1 and . We calculated two kinds of averages:

e avg. 1 arithmetic mean of all diffusion coefficients,

e avg. 2 — arithmetic mean of positive diffusion coefficients, zero values
were discarded.

At high n and low v, we obtain the lowest M RE at high values of the
diffusion coefficients — they are positive in almost all countries. Lowering n
and increasing 7y leads to an increased growth rate of the variable B, which
means that the implementation sector becomes more effective, which in turn
leads to lower values of the diffusion coefficients.

We will now analyze the time paths of the modelled guantities the
levels of technology A, B and their product AB, empirical technology levels
Acmp. the effective diffusion coefficient deg¢ and the division of human capital
between the two research sectors — h4 and hp. To simplify, we will call them
sector A and sector B. All calculations were performed for n = 0.19 and
v = 0.61, the parameters that lead to the smallest M REs.

All the results are shown in Figs. 3.10-3.36.

Figure 3.10: The model and empirical dynamics for Australia
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Figurc 3.12: The model and empirical dynamics for Belgium
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Figure 3.16: The model and empirical dynamics for Finland
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Figure 3.17: The model and empirical dynamics for France
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Figure 3.20: The model and empirical dynamics for Hungary
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Figurc 3.21: The model and empirical dynamics for Ireland
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Figure 3.23: The model and empirical dynamics for Italy
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Figure 3.24: The model and empirical dynamics for Japan
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Figure 3.27: The model and empirical dynamics for The Netherlands
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Figure 3.28: The model and empirical dynamics for New Zealand
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Figure 3.29: The model and empirical dynamics for Norway

1000

hp hg

&
< 1 0.1
£
100
1 0.05
50
0 0

20

A B, AB, Agry

0.6

et
A,B, AB, Agny

B
AB

ety
A,B, AB, Agpy

Aemﬁ —

National

B ank

of

Poland



Technological progress-the standard approach

Figure 3.32: The model and empirical dynamics for Spain

hp hg

et
A,B. AB, A

Figure 3.33: The model and

AemX —
B

AB

1300 14
1200 13
1100
1.2
1000 o
5
o 90 o< 1
% 100 S 2
< 800 = 4
700 < 0s
600 4 005
500 f 08
400 0 0.7
0 2 4 6 8 10 12 14 16

Figurc 3.34: The model and empirical dynamics for Switzerland
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Figure 3.36: The model and empirical dynamics for the United King-
dom
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In most countries the diffusion sector (A) dominates, which means that
it employs a larger fraction of human capital than the implementation sector
(B). These countries are: Australia, Austria, Belgium, Canada, the Czech
Republic, Denmark, Finland, Greece, Ireland, Iceland, Italy, Japan, South
Korea, Mexico, New Zealand, Norway, Poland, Portugal, Spain and Turkey.
For these countries, we observe that the variable A grows faster than the
variable B. One exception is Belgium, where a small initial excess of h4 with
respect to hp causes that both technological variables grow at a similar rate.

For a large group of the above-mentioned countries, the growing stock
of human capital hap is equally divided between both sectors, i.e. hy and
hp grow at a similar rate. Here we can include: Austria, Denmark, Finland,
Greece, Treland, Teeland, Norway, Portugal and Spain.

In South Korea, Mexico and particularly in Italy we observe in the recent
years that the stock of h4 shrinks, while hp increases, which can reverse the
trend of diffusion-dominated growth.

In Australia, Poland and Turkey, the stock of human capital in sector
B is almost constant, whereas hy increases (except for the last period in
Turkey). This means that the new rescarch workers are employed only in
the diffusion sector.

In Belgium, Canada, the Czech Republic, Japan and New Zealand we
have a decreasing role of the implementation sector — the stock of hp is going
down, since new research workers are employed in sector A and, additionally,
some workers move from B to A. This trend is, however, slowly reversing —
in the last 1-2 years one can see some growth in hp.

In most of the above-mentioned countries, the effective diffusion coeffi-
cients grow substantially, especially in Finland (from ca. 0.07 to ca. 0.25)
and Portugal (from ca. 0.05 to ca. 0.17). The typical values of this coellicient
are at the beginning of this period ca. 0.05 and ca. 0.10-0.15 in 1999. For the
countries which had a high value of the diffusion coefficient in the model in
section 3.2 (in particular Ireland and Iceland), the level of d.yy was high in
the whole period of analysis, which confirms that technology diffusion was
the most important mechanism of technological progress in these countries.

In Poland and Turkey in turn, the value of the effective diffusion coeffi-
cient was low in the whole period of analysis (ca. 0.02) and these are also the
countries which had the lowest values of d in the model of subsection 3.2.
Thus. despite the fact that technology diffusion is the dominating mechanism
of technological progress in these countries, its efficiency is rather low.

For most countries, the mean relative errors are quite low especially for
Belgium, Finland, Tceland, the Czech Republic, South Korea and Turkey. In
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the last three countries, however, the period of analysis was restricted to the
years 1991-1999.

The exrors are the largest for Austria and Canada. For Austria, the model
can not account for the significant decrease in the growth rate of Ay, in
the recent years. For Canada, there is no clear explanation in the time series
of £ and hap for the fast growth of technology around 1983 and the decline
of the growth rate in the recent years.

A second group of countries in the analysis is formed by France, Hun-
gary, Sweden and Switzerland. In these countries, the diffusion coefficient is
zero, which means that the efficiency of the diffusion process is zero and thus
human capital is only allocated in the implementation sector. These coun-
tries in the model of section 3.2 had negative diffusion coefficients, hence we
can conclude that technology diffusion is not the main mechanism of tech-
nological progress in these countries. However, the mean relative errors for
them are not very low (except for France) — the reason for this is that fixed
values of ¢ and h4p make it impossible to calibrate the growth of variable
B. This is especially clear for Switzerland the model-resulting curve AB
lies above the empirical curve for all periods of our analysis. This confirms
the conclusion from section 3.2 that these countries allocate their R&D ex-
penditures less efficiently than USA — we would have much better agreement
between the model and empirical time series for lower values of €. Then, the
effective diffusion coefficients would be positive, which is more realistic it
seems improbable that the diffusion of technology is totally unimportant.

The third group of countries consists of Germany, The Netherlands and
United Kingdom. In these countries, initially all the research human capital
is employed in sector B. In the following periods, human capital moves from
sector A to B and in 1984 (in The Netherlands) or around 1990 (Germany,
United Kingdom) we observe that human capital stocks in both sectors
are equal. Then, the diffusion sector starts to dominate, i.e. human capital
resources in sector A begin to be larger than in sector B. Such dynamical
behaviour of hy and hp results in faster growth of variable B with respect to
variable A. The effective diffusion coefficient equals zero initially, but then
it grows substantially. The mean relative errors for this group of countries
are small.

As a summary, we can state that the empirical analysis confirms the con-
clusion that technology diffusion is the most important mechanism of tech-
nological progress in most of the countries. This means that it is profitable
to allocate much human capital in the sector that imitates technological so-
lutions of the leader and allocate much less in the implementation sector.
However, it is not advisable to resign fully from the implementation activity

this would lead to a lower rate of technology growth. since technological
solutions from the leader country have to be adjusted to the economies’
characteristics and specifications.

The main limitation of the model is that it does not take into account the
fact that the efficiency of R&D expenditures can vary between the countries.
Introducing a measure of efficiency is difficult, but it could alter some of the
conclusions about the division of human capital between the diffusion and
implementation sectors. This would be especially important with respect to
the second group of countries.

The complexity of the model forced us to make a few arbitrary assump-
tions in the empirical analysis. An important simplification was to assume
that the variables A(t) and B(t) were initially equal. Also, the calibration
procedure of the parameters 7 and v was rather simple the elasticity of
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the growth rate of technology with respect to human capital in USA does
not have to be the same as the elasticity of the growth rate of the variable
B(t) with respect to human capital stock in the implementation sector in
other countries.

Still. the main conclusions from the model seem to be interesting. A way
to extend this model could be to introduce the efficiency of R&D expendi-
tures, technology diffusion between other countries (not only between a given
country and the technological leader) or basic research in all countries, not
only in the leader country.

3.4 Summary

In this section we analyzed three models of technological progress.

From the first model, we concluded that the combined effects of human
capital and technological progress can much better account for the differ-
ences in GDP p.c. levels among the OECD countries. Moreover, we found
that the growth rate of technology is much higher in many countries than
in USA and thus technology diffusion ellects must be important.

In the second model, we examined the properties of the diffusion effects,
using a generalized technology dynamics equation.

In the third model, we introduced two research sectors the diffusion
sector and the implementation sector. The second and the third model con-
firmed the conclusion that technology diffusion is the most important mech-
anism of technological progress in most of the countries.

We also pointed to the directions for future rescarch on technology dif-
fusion. We proposed to take into account the possibly different efficiency of
R&D expenditures in different countries and also the possibility that technol-
ogy flows not only between the leader and other countries, but also between
other pairs of countries.
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Chapter 4

Technological progress
— simulational approach

In this chapter we will present an alternative approach to technological prog-
ress, using the Monte Carlo simulational method. This method allows to
analyze a set of individualized (heterogeneous) agents, who obey some rules
and thus imitate the behaviour of real economic agents.

4.1 Theoretical principles of the Monte Carlo
method

The Monte Carlo simulational method is well-suited to analyze the dynamics
of systems in which the changes are determined by probabilities and do
not result only from the current state of the system [53]. The dynamics of
stich systems is thus not deterministic it is stochastic and depends on the
generated sequence of random numbers. This means that each simulation
can lead to a slightly different outcome — all of the outcomes are, however,
consistent within some statistical crror.

The Monte Carlo method was first used in physics in the 1940s. The
pioneers of this method were Enrico Fermi, Stanislaw Ulam, John von Neu-
mann and Nicholas Metropolis, who worked at this time in Los Alamos,
aiming at the construction of an atomic bomb. Some calculations related to
this subject were impossible to be performed analytically, but they turned
out to be relatively simple with the use of even the most straightforward
version of the Monte Carlo method.

Since then, the Monte Carlo methods became much more advanced and
many versions, tailored to specific problems, emerged. However, the simplest
methods are still quite important, which is due to the ever-increasing growth
in computing power in many cases it is more profitable to use a simpler
and more computer power consuming method than to elaborate some new
version that can save just a fraction of computer time.

The most classic applications of the Monte Carlo method are: numerical
integration', random walk and optimization problems.

We will describe the general idea of the Monte Carlo method basing on
the example of numerical integration [53]. Let us assume that we have a
function of one variable’ and we want to calculate the integral over some
interval from a to b. We begin with the construction of a rectangle with
vertices (a,0), (b,0), (a,y0), (b,yo), where yg > f(z) for any x € [a,b]. Then,
we generate a random sequence of N pairs (z;,y;), where i = 1,..., N, the
values z are drawn from a uniform distribution on the interval (a,b) and
y from a uniform distribution on (0,yp). To perform the simulation in the
proper way, the consecutive numbers from both sequences can not depend on

'The Monte Carlo method is from the practical point of view the only way to compute
many-dimensional integrals.
2To simplify, we assume that the function is positively-valued on the interval of interest.
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the previous numbers®. We then count how many of these points are located
under the function plot (we denote this number by Ny). The approximate
value of the integral is:

b
/a f(z)dx =~ %yo(b —a), (4.1)

i.e. it ig the area of the rectangle, multiplied by the fraction of points that
lie under the function plot.

The Monte Carlo simulation consisted in probing the state space (the
rectangle with sides of length b — a and yg) and estimating the volume of
space below the function plot. To have a reliable estimate of the integral,
we must generate at least around 1000 points to obtain 1-2% precision in
the one-dimensional case. Increasing the number of points will increase the
precision 10000 points will give typically a 0.1% error, 100000 points 0.01%
etc. This example shows two important aspects of Monte Carlo simulations.
First, the number of points has to be quite large. Second, one must have a
reliable random number generator, since the probability of generating each
point in the rectangle has to be the same.

In all Monte Carlo simulations, the general rules are similar — one con-
structs the relevant state space and probes its properties with random num-
bers. The probability of generating points in this space does not have to,
however, be equal for all points. Later, we will often use numbers from the
normal distribution®. By uniform distribution we will understand from now
on the uniform distribution on the interval (0, 1).

4.2 A simple model of technology diffusion

In this section we will analyze a simple model of technological progress in a
system (an economy), in which technology diffusion plays the key role. The
model was introduced by Tlas et al. in 2003 [55].

4.2.1 Setup of the model

Let us consider a one-dimensional lattice with NV sites. At each site 4, there
is an economic agent, characterized by a single variable A;(t), which can be
identified with the level of technology at some time ¢ 5. At every time step,
one of the agents comes up with an innovation, which can be interpreted as
an autonomous invention or an imitation of some outside technology (tech-
nology diffusion from outside). When this agent introduces an innovation
that increases their technology, their neighbours become aware of this fact
and if the innovation scale is large enough, they imitate this technology,
i.e. they also introduce it. It is profitable for them if their improvement in
technology is larger than a given parameter C, which measures the cost of
imitation — thus the parameter C controls the imitation process in this econ-
omy. The constant innovating activity keeps the system out of equilibrium
and enables long-term technological progress.

We will perform the Monte Carlo simulations in the following way. We
choose a value of the parameter C and an initial distribution of the techno-
logical variable A;(0) = A° for every i.

3In Appendix D we shortly discuss the method of random number generation.

“The method to generate numbers from the normal distribution is given in Appendix
D.
*Generally, A;(t) can be any characteristics that other agents may want to imitate.
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1. At given time ¢ (Monte Carlo step). we randomly choose some agent i
and his technology A; grows by A (they innovate):

A — A+ A, (4.2)

where A is a random number from a uniform distribution on the in-
terval (0,1).

2. Agents j € I'(i), where I'(4) is the set of i-th agent’s nearest neighbours,
imitate i-th agent’s technology if:

Ai—A; > C, (4.3)
i.e. if this condition holds, A; — A; (inner technology diffusion).

3. The imitation procedure (point 2) is repeated until some agent does
not want to imitate the neighbour’s technology. This finishes the Monte
Carlo step.

4.2.2 Properties of the model

The properties of the model depend on the value of the parameter C. Here
we present the results for the following values: C' = {0,5;1;2;5}.

Fig. 4.1 presents the levels of technology of 1123 economic agents after
18 - 1123 Monte Carlo steps® (thus, every agent innovates 18 times on aver-
age). The average technology level without inner technology diffusion would
equal the sum of the initial technology level (1000) and the average number
of innovations per agent multiplied by the average size of an innovation (0.5).
For the considered system it would therefore be around 1009. The maximal
number of imitations equals 1123 - 18 - 1122 = 22680108 (every innovation
can be imitated by the remaining 1122 agents) Low values of C' mean that it
is profitable to imitate almost every innovation and the levels of technology
of almost all the agents is identical. For C' = 0.5 after 1123 - 18 Monte Carlo
steps, the average level of technology is ca. 7.5 times the initial level and
results from ca. 40% of the maximum number of imitations. For C = 1,
a single innovation does not result in an imitation (only ca. 0.35% of the
maximum number of imitations takes place), which leads to irregularities in
the system. These irregularitics arc not, however, very large and their scale
is just a few agents. One can still see the traces of imitation awalanches,
which cease to be noticeable for C' more than around 5. For this value of C
technological progress consists only in technology diffusion from outside or
in independent innovations, which do not spread over the entire economy.
The snner technology diffusion is almost absent — only 575 imitations took
place in the simulation (0.0025% of the maximum number).

Figure 4.1: Technology levels of 1123 economic agents after 18 - 1123
Moante Carlo steps (for C = {0.5;1;2;5})
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Thus, the parameter C determines the number of imitations and hence
technological progress rate. This is illustrated in Figs. 4.2 and 4.3. The lower
the value of C| the higher the growth rate of technology, since the {low of in-
formation between the agents is facilitated. The relatively small size of each
innovation (between 0 and 1) prompts to interpret them as small improve-
ments of the technological processes. These improvements can come from
outside (an agent imitates some technological solution from another coun-
try) or be the result of their autonomous research activity. Thus, the model
describes the effects of technology diffusion from outside and between the
agents (the lower the value of C, the easier the inner technology diffusion).

Fig. 4.4 shows the dynamics of average technology for a few values of the
parameter C. For low values of C, there is a steady growth of technology,
since almost every innovation is imitated by almost all agents. High values

Figure 4.2: The dependence of the average technology (Aq.,) after
18- 1123 Monte Carla steps on the parameter C
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Figure 4.3: The dependence of the number of imitations on the param-
eter C
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SThere are 18 one-year periods in the empirical analysis of the next subsection; 1123
is the size of the system for USA.
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Figure 4.4: Dynamics of technology
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Figurc 4.5: The dependence of the average technology after 18N Monte
Carlo steps on the system size N, for C =1
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of C, in turn, imply technology jumps, i.e. periods of stability of technology
are intertwined with periods of its sudden growth. This results from the
fact that imitation takes place only after accumulating the effects of a few
successive innovations.

We should emphasize that regardless of the value of the parameter C,
the growth of technology is approximately linear — it is thus compatible with
empirical evidence on technology dynamics in most countries of the world.
This property of the model suggests that it can be the basis for empirical
analysis, which will be performed in the next subsection.

Fig. 4.5 shows the dependence of the average technology after 18 N Monte
Carlo steps on the system size N, for C' = 1. Every agent comes up with
averagely 18 innovations. The larger the system size, the higher the average
technology after 18 N periods. The system can thus be identified with its
ability to absorb new technologies. This ability can hence be termed human
capital. Thercefore, a single agent can be identified with an effective unit of
human capital in the research and development sector.

4.2.3 Empirical analysis for the OECD countries

The empirical analysis for the OECD countries was performed in the follow-
ing way. Again, the period of analysis was 1981-1999. For each country, the
size of the system was defined as human capital per researcher in the last
period of analysis’, rounded to the nearest integer. The initial (1981) level
of technology was chosen at its empirical level relatively to USA (for USA

“The data are given in Tabs. C.5 and C.6 in Appendix C.
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the value of 1000 was chosen). The number of Monte Carlo steps was chosen
to be the product of the length of the period of analysis (18) and the system
size, hence every agent comes up with 18 innovations on average.

Then, the value of the parameter C' was chosen in such a way that
the model dynamics and empirical dynamics were as consistent as possible.
The measure of consistency was the mean relative error (M RE), defined by
(3.32).

Figure 4.6: The empirical and model dynamics of technology in Poland
(left, up), USA (right, up), Spain (left, down) and Hungary (right,
down)
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The result of the calibration procedure is shown in Fig. 4.6 for Poland,
USA. Spain and Hungary. In the case of USA and especially Spain (the
best agreement between the model and empirical values) the model and
empirical curves are rather consistent. The characteristic property of the
model is the emergence of random irregularities in the model curve A, which
is otherwise almost linear. For Poland. the agreement between the model and
empirical data is not so good, because of a very slow technology growth at
the beginning of the analysis period. In the last periods the agreement is,
however, very good, which means that the possible reason for the observed
slow growth in the early 1980s is just the fact that the empirical data from
this period are not very accurate (this was still the period of non-free market
economy in Poland). For Hungary, we have the worst result of the calibration
procedure. However, we observe such problems with Hungary in all models
(compare with e.g. Fig. 3.20), because of anomalous empirical dynamics of
technology [or this country. For most countries not shown on the plots. the
mean relative error is rather small (typically from ca. 1.5% to ca. 3.5%),
similar to USA or Spain.

The calibrated values of the parameter C. the system size IV, mean ab-
solute error of calibration M RE and the ratio of the maximal to the actual
number of imitations are shown in Tab. 4.1. For 19 countries the calibrated
value of C ranges from 0.9 to 0.95 (the average value is 0.906). The number
of imitations varies from ca. 1% to ca. 2.5% of its maximal number for these
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countries. In this way, the imitation process takes place after an accumula-
tion of a few innovations by a single agent, such that the difference in the
level of technology between an agent and its neighbour exceeds the value of
C. The minimal value of the paramcter C is 0.78 (for Italy®), which mcans
that almost 10% of the maximal number of imitations takes place — the in-
ner technology diffusion mechanism is thus rather effective. Other countries
in which this mechanism is effective are: the Czech Republic, Ireland, Mex-
ico, Portugal and Turkey. The only countries for which the calibrated value
of C exceeds 0.95 are Poland (C' = 1.00) and Hungary (C = 1.12). Thus,
these are countries with low efficiency of inner technology transfer. Apart
from Poland and Hungary, these are: Finland, New Zealand and Sweden (the
maximal number of iterations in all these countries is more than 100 times
the actual value, only in Poland the actual number of imitations is slightly
above 1% because of a relatively small human capital stock, which leads to
a small value of N).

To sum it up, the simple simulational model of technology diffusion works
quite well for most of the countries. Taking different stocks of human capital
in different countries (different system sizes), we obtain very close values of

Table 4.1: The calibrated values of the parameter C, the system size N,
mean absolute error of calibration M RE and the ratio of the maximal
to the actual number of imitations

Country | N C | MRE (%) | % of imitations
AUS 844 | 0.93 1.72 1.10
AUT 409 | 0.91 1.78 2.55
BEL 791 | 0.91 2.28 1.59
CAN 828 | 0.93 3.19 1.25
CZE 298 | 0.83 6.42 5.79
DEN 780 | 0.92 3.21 1.42
FIN 1769 | 0.95 3.76 0.61
FRA 542 | 0.89 1.69 2.26
GER 764 | 0.92 221 1.41
GRE 333 | 0.90 1.80 2.55
HUN 267 | 1.12 9.93 0.85
IRL 495 | 0.81 6.77 5.82
TSI 1015 | 0.91 3.40 1.63
1TA 221 | 0.78 1.79 9.57
JPN 970 | 0.91 243 1.41
KOR 572 | 0.90 5.94 2.08
MEX 41 | 0.79 5.76 10.8
NED 599 | 0.91 3.58 1.81
NZL 735 | 0.94 2.55 0.93
NOR 1022 | 0.91 5.11 1.33
POL 243 | 1.00 6.20 1.21
POR 163 | 0.81 4.40 7.34
SPA 287 | 0.87 1.43 3.77
SWE 1317 | 0.95 1.87 0.61
SWI 631 | 0.91 2.56 1.81
TUR a0 | 0.93 2.39 4.85
UK 597 | 0.91 219 1.86
USA 1123 | 0.92 2.75 1.36

®It confirms the conclusions from other models that technology diffusion is very effec-
tive in Italy.
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the parameter C' for most of the countries. Thus, the mechanism of techno-
logical progress can be approximated by single agents’ innovations (which
are their autonomous inventions or result from technology diffusion from
outside) and then imitations by other agents. There is a cost C' correspond-
ing to every imitation, which can be regarded as the inventor’s premium
for his innovation. Such interpretation is also justified by the fact that the
calibrated values of C are so close in different countries if the value of C in
some country was much lower than in other countries, then we could observe
that the agents (human capital) flow from this country to other countries or
to non-research activity. In both cases, the inventor’s premium (the value of
C') would grow.

The model under analysis can also help us answer the question how to
accelerate technological progress one should increase the premium that
innovators get for their inventions. This increase should come from public
money, such that the parameter C' (the imitation cost of other agents) does
not grow. Tn such case, more human capital would move to research (there
would be more research agents) and thus C could go down. The final result
would be that more human capital would do research and thus the rate of
technological progress would indeed go up, since lower value of C would
mean more imitations. Thus, this model justifies public or private grants for
research, since such grants increase research intensity over the intensity that
results from market mechanisms.

4.3 Microeconomic evolution model with technol-
ogy diffusion

Tn this subsection we will analyze a more complex model of technological
progress with technology diffusion. This model is a reformulation of the
model introduced in [7], where economic agents in an external field were
considered and these agents evolved to adjust their characteristics to the
value of the field.

4.3.1 Setup of the model

Let us consider a two-dimensional square lattice of L, x L, sites. Each
site can be occupied by O or 1 agent (firm). Let us assume that the initial
concentration of firms equals ¢ = N(0)/L,L,. where N(t) denotes the

Figurc 4.7: An example of the initial distribution of firms (N(0) = 16,
Cp = 08)
® ® ® ® ®

number of firms at time ¢. An example of the initial firm distribution in the
system (which we will call counitry) is shown in Fig. 4.7.
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We assume that the i-th firm is characterized by two variables:
o A;(t) — technology level at time ¢,

e w;(t) the weight of the firm at time ¢, i.e. its relative market share
(for every ¢, we must thus have >, w;(t) = 1).

Let us assume that the initial distribution of technology levels is uniform
on the interval (0, A;qy). For simplicity, we set A, = 1. We assume that
initially all firms have the same market share w; = 1/N(0). Then, the ini-
tial average technology level, weighted with market shares (such weighted
averages will be denoted by (A(0))) is equal approximately to half of the
maximal level, i.e. (A(0)) ~ 0.5.

At any time, a firm can:

e go bankrupt they disappear from the market,

e move through the lattice and look for a partner for collaboration,
e merge with other firms,

e create spin-offs.

We assume that the probability that a firm survives depends on the
difference between the firm’s level of technology and the frontier technology
F(t), the dynamics of which is given by:

F(t) = e, (4.4)

where o denotes an exogenous parameter, which measures the world tech-
nological progress rate (or the progress in the technology leading country).
This opens up the possibility for technological diffusion from outside and
we will call it the outer technology diffusion. Let us also introduce the av-
erage relative technology level with respect to the technological frontier:
(A(t)) = (A(t))/F(t). The system’s sensitivity for technological backward-
ness is expressed by the value of the parameter s, i.e. higher values of this
parameter mean that the survival probability is lower for firms whose tech-
nology level is off the frontier value. If s = 0. in turn, then the system is
insensitive with respect to technological backwardness and firms never go
bankrupt.

Moreover, we assume that there is a lower bound on the number of firms
in the system — we assume that a decreasing number of competitors makes
it easier for the surviving firms to stay on the market and the number of
firms never goes below N,;, and the concentration of the firms is always
greater or equal ¢pip.

We will now specify the Monte Carlo algorithm for arbitrary time ¢.

1. We randomly choose a firm indexed by 4 from the set of N(t) firms.

2. We calculate the probability of survival:

e sUADFO-A:(0) if (A1) F(t) > Ai(t), (A(t)) < 1

] e Fo-Aiw) if F(t) > Ai(t), (A(t)) > 1 45

iy if A;i(t) > (A@))F(t), (At)) <1 49
1 if Ai(t) = F(t), (A(t)) > 1
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We distinguish two phases, with different influence of the frontier tech-
nology:

e phase when the average technology has not yet reached the level
F(0) = 1 — the first and third formula of eq. (4.5) imply that a
firm is certain to survive if their level of technology is equal to
at least (A(t))F(t); when it is lower than this value, a non-zero
probability of bankruptcy occurs,

e phase when the average technology in the system has reached
F(0) =1 the second and fourth formula of eq. (4.5) imply that
a firm is certain to survive if their level of technology is not worse
than the frontier technology F'(t); when it is lower than F(t),
there is a non-zero probability of bankruptcy.

The existence of the first phase is thus an additional advantage of the
countries in which the technology is relatively bad and makes possible a
faster growth by making sure that the best firms are certain to survive,
even if their technology level is still worse than the initial level of the
frontier technology.

. We draw a number r from the uniform distribution.

e If r > p;, the firm goes bankrupt and the lattice site becomes
empty. The weights of other firms grow proportionally, such that
the normalization condition >; w;(t) = 1 holds. We return to
point 1 of the algorithm.

e If r < p;, the firm survives and tries to move to a neighbouring
lattice site. We draw a number r; and if r1 < 0.25, we check
whether the site which is north of the firm’s site is empty, if
0.25 < 71 < 0.5 we check the site which is west etc.

. Tf the neighbouring site is empty, the firm moves to this site and checks

whether there is some other firm in the nearest neighbourhood of the
new site.

If such firm is absent, the firm profits from outer technology diffusion,
according to the formula:

Ai(t) — Ai(t) + ro(F(t) — A(t)), (4.6)

where r9 is a number drawn from the uniform distribution. Then we
come back to point 1 of the algorithm. In this way, the outer technol-
ogy diffusion means the imitation of the frontier technology. However,
usually it is not possible to introduce the frontier technology fully and
the level of technology of the firm grows by a fraction ro of the dif-
ference of the frontier technology and the current technology of the
firm.

5. If there is some firm j in the neighbourhood of the firm i, then:

e with probability b (which is a parameter of the model), the firms
merge. The technology of the new firm is:

VAR. 1: Ai(t) — 0.5(As (1) + A;(t) + 0.5r3|A;(t) — A;()]),
VAR. 2 A;(t) — max{A;(t), A;(t)}, (4.7)
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where r3 is a number drawn from the uniform distribution. The
firm j disappears from the system and the weight of the new firm
is equal to the sum of weights of the merging firms. In the first
variant, the technology of the new firm is the arithmetic mean
of the technology levels of the merging firms plus some synergy
effect, which is larger if the difference in technologies is larger.
In the second variant, the new firm’s level of technology is equal
to the technology level of the technologically more advanced firm
The synergy effects will be called the inner technology diffusion.

e With probability 1 —b, the firms ¢ and j create a spin-off. A firm
k emerges and it is located in the 8-site neighbourhood of the
firm ¢ (north, north-west, west, south-west etc.). The positioning
procedure is analogous to the one in point 3 (a number 74 is drawn
and depending on the outcome a suitable site is chosen). If the
appropriate site is not empty, the spin-off does not emerge. The
technology of the spin-off equals (there are again two variants,
analogous to the case when firms merge):

VAR. 1: Al(t) — 05(A7(t) + Aj(t) + 05T5|Al(t) — A](t)D
VAR. 20 Ay(t) — max{A;(t), A;(1)}, (4.8)

where r5 is a number drawn from the uniform distribution. Hence,
the economy profits from the inner technology diffusion also if a
spin-off is created. The weight of the new firm is equal to the sum
of weights of firms ¢ and j, multiplied by a parameter w;, € [0, 1].
The extreme values of the parameter w; correspond to the cases
that the spin-off can never emerge (ws = 0) or if the firms ¢ and
j disappear when the spin-off emerges (ws = 1). The weights of
firms ¢ and j decrease accordingly, by w;ws and wjws.

6. We return to point 1 of the algorithm until N(¢) firms have been
chosen. Then, a Monte Carlo step is finished. i.e. we set t — t + 1.
The random choice of a firm in point 1 of the algorithm implies that
a given firm can be chosen more than once at time ¢ and hence firms
which are not chosen at this Monte Carlo step exist.

We will now present an example of the application of this algorithm to
a simple 3 x 3 gystem with initially four firms — Fig. 4.8. Fig. (a) shows
that the firm (1,1) (we number the sites from the upper left corner) was
chosen. The probability of survival of this firm equals 1, since the level of
technology of this firm exceeds (A(0)) = 0.472. The firm moves to site (2,1)
(ri1 = 0.726) and creates a spin-off with firm (2,2). The spin-off emerges
at site (1,1). The weight of the spin-off is 0.05 and the level of technology
is larger than the arithmetic mean of the parent-firms thus the average
technology in the system grows to 0.475 (Fig. (b)). Hence, we observe inner
technology diffusion. Next, the firm (2,3) is chosen. Tts probability of survival
is 0.683. We draw 7 = 0.701 and the firm (2,3) goes bankrupt. The (weighted)
average level of technology of the remaining firms is 0.602. On Fig. (c¢),
the firm (2,2) is chosen. Its survival probability equals 0.752. We obtain
r = 0.123 (the firm survives) and moves to site (2,3) (r; = 0.916). The lack
of neighbours means that we observe the outer technology diffusion and the
level of technology of this firm goes up from 0.317 to (0.484; the average
technology (A(0)) rises to 0.652. On Fig. (d) the firm (2,1) is chosen. The
survival probability is 1 and the firm moves to site (2,2) and merges with
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firm (2,3). The new firm’s technology is the arithmetic mean of the parent-
firms plus some synergy effect (inner technology diffusion). We obtain the

Figure 4.8: An example of the evolution of a 3 X 3 system
0.050 0.067

0.655 0.655 0.655
(a) (b) ()
0.067 0.067 0‘540
0.976
0.360
01823
0.100
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Explanation: parameter values: o = 0.01, s = 1, b = 0.1, ws, = 0.1. The upper number
denotes the weight, the lower number the technology level.

Figure 4.9: Average technology dynamics in the mid- and long-term

3 25000

A-VAR 1 ——
A-VAR. 2 —
“l 20000
ol
15000
< 15 .
10000
1L
o8 5000
’ 0
0 200 400 600 800 1000

situation depicted in Fig. (e). The zeroth Monte Carlo step is finished (the
algorithm involved N(0) = 4 firms) and the average level of technology is
now 0.691. Fig. (f) shows an example of the situation after 10 Monte Carlo
steps. At this time, there are 3 firms in the system and the average technology
level equals (A(10)) = 0.907. However, the technology frontier moved to

F(10) = 1.105, so the average relative technology is now (A(10)) = 0.821.

4.3.2 The properties of the model

We will now examine the properties of the model. We show the simulation
results for a 10 x 10 system, with an initial concentration of firms equal to
0.8 and the following parameters: 0 = 0.01, s = 1, b = 0.01, Ny, = 10,
wg = 0.1.

Fig. 4.9 depicts the dynamics of the average technology (denoted A in
the figure) in the mid- and long-term. Mid-term means here that the system
has not yet reached the frontier technology level (according to Fig. 4.10,
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which shows the average relative technology (denoted A,cjative ), stich level is
reached after ca. 100 Monte Carlo steps). This period is characterized by an
approximately linear technology growth (in both variants). Such growth in
technology results from the dominating mechanism of technological progress
the snner technology diffusion, i.e. synergy effects when the firms merge
or cooperate to create spin-offs and also the bankruptcies of the firms with
lowest technology levels.
In the long-term. however, the outer technology diffusion dominates,
which results in an exponential growth of technology with the rate o (with

Figure 4.10: Average relative technology dynamics in the mid- and
long-term
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small fluctuations around the frontier technology — Fig. 4.10). When the
average relative technology level is at a given time t close to F(t), then the
further growth in technology can be interpreted as autonomous technological
improvements, and not outer technology diffusion.

Fig. 4.11 shows the dynamics of the number of firms (N) in the mid- and
long-term. This suggests that we can distinguish three phases in the system
behaviour:

e first phase the firms with the worst technology disappear, approx-
imately linear growth of average technology, fast growth in average
relative technology,

e sccond phasc — stabilization of the number of firms at ca. 50% of the
initial number (since around 50% of the initial number of firms has
technology worse than average; in the second variant the number of
firms is a little larger, since when the firms merge, the new firm has
better technology than in variant 1), approximately linear growth in
average technology (at a rate similar to phase 1) and a much slower
growth in average relative technology (since the firms are closing in on
the technological [rontier)

e third phase — after the firms reach an average level of technology which
is close to the frontier technology level, the number of firms starts
to decrease, until it reaches the minimum number — such behaviour
maximizes the growth rate of technology (the rate o is reached), which
is impossible to achieve with too much competition on the market.
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Figure 4.11: The dynamics of the number of firms in the mid- and
long-term
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Figure 4.12: The dynamics of the average level of technology (left) and
the average level of technology at t = 18 (right) for selected values of s
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The sensitivity of the system to the value of the parameter s was also
investigated. In the left of Figs. 4.12-4.14 one can see the dynamics of the
average level of technology, average level of the relative technology and the
number of firms for selected values of the parameter s, in the right the same
quantities at time ¢t = 18 for different s.

The higher the value of s, the faster the growth of the average level of
technology and the average level of relative technology. For s much more
than 1, after around 10-15 full Monte Carlo steps the mechanisms of outer
technology diffusion and autonomous technological improvements start to
dominate and the rate of growth is similar and independent of s. In the
right sides of Figs. 4.12 and 4.13 we can then observe that for values of s
more than ca. 1.5 the technology level at time ¢ = 18 does not depend on
the value of s and the average level of relative technology is close to 1.

Figure 4.13: The dynamics of the average level of relative technology
(left) and the average relative level of technology at ¢t = 18 (right) for
selected values of s
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Figure 4.14: The dynamiecs of the number of firms (left) and the num-
ber of firms at t = 18 (right) for selected values of s
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We also observe an inverse dependence between the number of firms and
the value of the parameter s (Fig. 4.14). If the sensitivity to technological
backwardness is low (small s), the number of firms is close to maximal. The
than 1, after around 10-15 full Monte Carlo steps the mechanisms of outer
technology diffusion and autonomous technological improvements start to
dominate and the rate of growth is similar and independent of s. Tn the
right sides of Figs. 4.12 and 4.13 we can then observe that for values of s
more than ca. 1.5 the technology level at time ¢ = 18 does not depend on
the value of s and the average level of relative technology is close to 1.

We also observe an inverse dependence between the number of firms and
the value of the parameter s (Fig. 4.14). If the sensitivity to technological
backwardness is low (small s), the number of firms is close to maximal. The
higher the value of s, the smaller the number of firms in the system, on
average. For large values of s a dozen or so number of periods is enough for
the number of firms to decrease to a value close to Ny,;,. The decrease in
the number of firms at ¢ = 18 with respect to the value of s is approximately
linear. For the values of s < 2. the minimal number of firms is not reached
and thus both inner and outer technology diffusion takes place in the model
in the analyzed time horizon.

4.3.3 Empirical analysis for the OECD countries

Empirical analysis for the OECD countries was performed in the following
way. The period of analysis was again chosen to cover the years 1981-1999.
The system size was assumed to be 10 x 10 and the initial concentration
cog = 0.8. The minimal number of firms in each country is N,,;; = 10 and
the parameter b was chosen at (0.01.

The initial (1981) technology level for the i-th country was assumed to
be at its empirical level A;"7(0) (relatively to USA). To achieve this, the
economic agents in the systems were assigned technology levels A from the
uniform distribution on the interval (0,247 (0)), if A{""(0) < 0.5, or on
the interval (1 — 2A4777(0),1), if A7"7(0) > 0.5 (in this way. no agent had
an initial technology of more than 1).

The technology level for USA was assumed to be the frontier technology
and it was assumed that it grew at the average empirical growth rate of
(for 1981-1999) 2.08%. Hence, the technology frontier function is given by
F(t) — 0.0208¢

Then, the value of the parameter s was chosen in such a way that the
mean relative error (defined by eq. (3.32)) that measures the agreement
between the model and empirical dynamics took the smallest possible value.
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The results of the calibration procedure for the parameter s are shown in
Fig. 4.15 for Poland, Belgium and South Korea. The dynamics of the frontier
technology is also shown, together with the empirical curve for USA.

The case of Belgium is shown to illustrate the best agreement between
the model and empirical data. An important property of the model curve is
the presence of random irregularities, similar to empirical fluctuations. Such
irregularities occur for all the countries and since their scale is of the same
order as in empirical data, we can suppose that the empirical fluctuations
arc also random and do not reflect any particular mechanism (such as some
forms of c¢yclical behaviour). Tf we accept this conclusion, the agreement
of the model and cmpirical data is rather good for most of the countrics.

Figure 4.15: Empirical and model technology dynamics for Poland (left,
up), USA (right, up), Belgium (left, down) and South Korea (right,
down)
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However, for Poland this agreement is not very good and [or South Korea
the worst for all of the countries, but still it is not very bad. The mean
relative error varies from ca. 1.9% to ca. 10% (Tab. 4.2).

The results of the calibration procedure of the parameter s are shown
in Tab. 4.2. We observe very different values of this parameter for different
countries  from very small (0.02 for Hungary this country however has
very strange empirical dynamics and thus we can not conclude much about
it) to very high (1.98 for Switzerland). In this way, we can distinguish three
groups of countries:

e countries in which the inner technology diffusion dominates (low val-
ues of s)

e countries in which the inner and outer technology diffusion play a
similar role (s ~ 1),

e countries in which the outer technology diffusion or autonomous inno-
vations dominate (high values of s).
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Table 4.2: The results of the calibration of the parameter s and the
corresponding mean relative errars

C'try s MRE || C'try s MRE || Ctry s MRE
AUS | 080 | 217 || GRE | 0.538 | 2.77 NZL | 0.46 | 2.63
AUT | 070 | 339 | HUN | 0.02 | 8.21 NOR | 1.73 | 4.05
BEL | 1.46 1.86 TRT. | 1.38 | 4.22 POT. | 0.73 | 5.37
CAN | 1.87 | 6.86 ISL [ 1.29 | 329 || POR | 0.74 | 5.61
CZE | 0.55 | 5.77 ITA | 166 | 2.53 SPA | 0.32 | 3.69
DEN | 1.34 | 3.46 JPN | 048 | 225 || SWE | 1.15 | 2.73
FIN | 097 | 281 || KOR | 1.38 | 9.95 SWI | 1.98 | 2.65
FRA [ 1.69 | 3.04 | MEX | 0.39| 6.32 || TUR | 0.36 | 2.82
GER | 094 | 284 NED | 0.83 | 2.04 UK | 1.36 | 3.28

FExplanation: M REs given in percent values.

The first group of countries consists of Austria, the Czech Republic,
Greece, Spain, Japan, Mexico, New Zealand. Poland, Portugal, Hungary
and Turkey®. This group of countries is diversified, but it consists mainly of
the developing countries, in which the technological advancement is not the
most important factor that determines the probability of survival of firms
(the sensitivity to technological backwardness is small). The presence of such
countries as Japan means that low sensitivity to technological backwardness
can also be the property of the most developed countries.

The third group of countries consists mainly of highly-developed coun-
tries (with the exception of South Korea — a developing country in the period
of interest). In such countries, with long traditions of free market economy,
the level of technology is one of the most important factors of competition
between companies thus the underdeveloped firms do not survive for long.

The second group of countries consists of a relatively small number of
countries (Austria, Finland, Germany, The Netherlands, Sweden) and it can
be interpreted as interpolating between the two other groups. The case of
Germany. a country which was divided into two independent states for half
of the analyzed period, seems to correspond well with this interpretation.

The general conclusion that can be drawn from this model is that the
sensitivity to technological backwardness is rather small in the developing
countries and rather high in the highly-developed states. Thus, it is proba-
ble that the mechanisms of technological progress are quite different in these
groups of countries. In the developing countries, technological progress con-
sists mainly in technology transfers from highly-developed companies (which
can be interpreted as e.g. firms with international capital) to the underdevel-
oped ones. In the highly-developed countries, in turn, companies’ technology
levels are more close to one another and the dominating mechanism of prog-
ress is the development of autonomous innovations or the use of the most
developed technologies available in the world.

4.4 Summary

In this chapter, we analyzed an alternative approach to the modelling of
technological progress. We argued that the standard neoclassical approach

9The introduced classification of countries is not very strict. Here we assume that low
value of s is less than 0.8, s ~ 1 means s € [0.8,1.2] and s > 1.2 is a high value of this
parameter.
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of representatinve agents is a severe limitation from the point of view of mod-
elling. In particular, it does not allow to analyre the effects of heterogeneity
of agents, which is an obvious property of the real world. We showed that a
consequence of this heterogeneity can be fluctuations in the growth rates of
technology. These are also observed in the real world. The class of simula-
tional models makes it possible to endogenize technology diffusion between
the countries and also between domestic companies.

We considered two models. In the first, the growth in technology results
from autonomous innovations of agents, which can also result from technol-
ogy diffusion from other countries. Then. the innovations can be imitated by
other agents, who buy the new technology (patent) if it is profitable for them.
We showed that such approach leads to interesting empirical conclusions.

The second model is more complex — the agents can move on a lattice,
merge, cooperate, go bankrupt and use external technology (from the tech-
nology leading country). The empirical conclusions from this model are also
rather interesting.
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Chapter 5

Simulational models of simple
economies with human capital
and technological progress

In this chapter we will introduce two simulational model of simple economies.
In the first, economic growth results from the accumulation of three types
of capital  physical, human and technological capital. In this way, we will
show that for some parameter values simulational models (with heteroge-
neous agents) reduce to the well-known neoclassical models (with repre-
sentative agents). For other parameter values, however, simulational models
can describe random and cyclical fluctuations in production and investments,
which happen in the real world, but are absent in neoclassical models. In the
second model, we will introduce an endogenous mechanism of technological
progress and human capital accumulation.

5.1 Solow-Swan-type simulational model

5.1.1 Setup of the model

Let us consider an economy consisting of N firms (sectors)’. The factors that
enter the production function are: physical capital, human capital and tech-
nology. By technology, we understand the accumulated R&D expenditures,
multiplied by an efficiency factor. Therefore, we can speak of three types
of capital: physical, human and technological capital. This justifies the use
of the term Solow-Swan-type model, since the growth mechanism for these
three types of capital is similar and analogous to the growth mechanism in
the Solow-Swan model  where physical capital accumulation plays the key
role. The main difference with respect to this model (and other models ana-
lyzed within the framework of optimal control theory) is the introduction of
heterogeneous (individualized) agents, in the place of representative agents.
Formally, this is achieved by setting different parameter values for different
agents (firms), taking these values from some probability distribution.
The production of each firm (sector) is given by the multiplicative func-
tion:
F(A K, H) = A% K% q% (5.1)

(where A denotes technology, K physical capital, H human capital, 04,
Ok and Oy are parameters) and it is divided in the following way.

e The fraction ¢, where ¢ is a normal random variable? is consumed. The
variable ¢ can also be interpreted as the production cost (in this way,

!Different firms have different parameter values. Tf one assumes that a few firms in one
sector have the same (or very close) parameter values, one can interpret this basic entity
of the model as a sector and speak of N sectors in the economy.

?Here, a normal distribution is by default a normal distribution confined to some
interval of economic interest. For example, the variable ¢ can have values in [0,1].
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physical and human capital are accumulated only from profits) or as
the return to the factors of production,

e The remaining fraction is divided into div parts between the invest-
ments in technology I4, human capital Iy and physical capital I in
such a way that each project is associated with the currently (after
allocating previous parts accordingly) most effective investment. The
size of each "project” is equal to the firm’s profit, divided by div and
multiplied by a normal variable size with an expected value of 1 and
a standard deviation of (1.1. This means that the projects differ in size
to some extent®. The efficiency of an investment is calculated as:

 OF(A K, H)

ey = Gy . , (5.2)

where @&, denotes the expected value of the conversion (efficiency)
coefficient per unit of 2. The conversion coefficients a,(t) are normal
random variables.

The conversion coefficients are chosen to yield the balanced growth of all
three types of capital. This arbitrary choice is a simplification of the model.

Technology, physical capital and human capital depreciate with rates d 4,
dx and dp, which are normal random variables. The dynamics equations of
the model are:

At +1)=(1—-04(t)A(t) + aa(t)La(t), (5.3)
K(t+1) = (1= ok (t)K(t) + ax (t) Ik (1), (5.4)
H(t+1) = (1 -6 (t)H(t) + an(t)Iu(t), (5.5)

In a single Monte Carlo step (time t) this procedure (production + de-
preciation + division of product between consumption and investments) en-
compasses all firms. At each step, we can calculate the aggregated quantities
for the whole economy: technology, physical capital, human capital, produc-
tion, consumption etc. This makes possible to determine the growth paths
of these quantities for the economy under consideration.

Table 5.1: An example of division of profit 0.2 between investments in
3 types of capital

T | left A K H Y’ size ea ex en i ol

1 |0.200 | 1.000 | 0.940 | 0.940 | 0.940 |0.022 | 0.313 | 0.333 [ 0.333 | H | 0.011
2 10.178 | 1.000 | 0.940 | 0.951 | 0.947 | 0.020 | 0.316 | 0.336 | 0.332 | K | 0.022
3 [0.158 | 1.000 | 0.962 | 0.951 | 0.955 | 0.021 | 0.318 | 0.331 | 0.335 | H | 0.010
4 ]0.137 | 1.000 [0.962 |0.961 |0.961 |0.017 |0.320 |0.333 |0.333 | H | 0.008
5 [0.120 | 1.000 | 0.962 | 0.969 | 0.967 | 0.022 | 0.322 | 0.335 | 0.333 | K | 0.024
6 |0.098 | 1.000 | 0.986 | 0.969 | 0.975 | 0.019 | 0.325 | 0.329 |0.335 | H | 0.010
7 10.079 | 1.000 | 0.986 | 0.979 | 0.981 | 0.019 | 0.327 | 0.332 | 0.334 | H | 0.009
8 [0.060 | 1.000 | 0.986 | 0.988 | 0.987 | 0.023 | 0.329 | 0.334 | 0.333 | K | 0.019
9 [0.037 | 1.000 | 1.005 | 0.988 | 0.994 | 0.022 | 0.331 |0.330 |0.335 |H | 0.013
10 | 0.015 | 1.000 | 1.005 | 1.001 |1.002 |0.015 | 0.334 | 0.332 [0.334 | A | 0.005

1.005 | 1.005 | 1.001 | 1.007

Explanation: We assume the production function F(A,K,H) = AKY3H?3 TInitially,
K = H = A = 1. The columns are: 7 — step, left — profit to be divided, A, K, H — the
size of the relevant capital after successive projects, alter depreciation (6% for K and H,
no depreciation of technology), Y’  production from given A, K, H, size size of the
project, e,  current efficiency of investment in x,1 the currently most efficient factor,
agI  growth of the relevant capital after new project. The conversion coefficients are:
QA = 1/3; K = 1; Qg = 1/2.

*The last project (the div-th one) uses all of the undivided profit after div—1 divisions.
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Tab. 5.1 shows an example of the division of profit between investments
in technology, physical capital and human capital, for initial production of

Table 5.2: Means and standard deviations of random variables

c 0K 0 | 04 | aa | ax | ag | size | div |
mean 0.8 10.06 0060010331001 050 1.0 10
std.dev. | 0.08 | 0.01 | 0.01 | 0.0 | 0.03 | 0.10 | Q.05 | 0.1 0

1 and the consumed fraction of 80%, 20% allocated to div = 10 investment
projects. Since there is no depreciation of technology, restitution investments
in physical and human capital dominate — only after full restitution of these
capitals an investment in technology is undertaken. After all projects are
completed, we observe production growth from 1 to 1.007. The production
1.007 is then divided between consumption and investments with a similar
algorithm.

5.1.2 Properties of the model

To examine the properties of the model, we use the parameter values given
in Tab. 5.2 and the production function:

F(A K H) = AV2KVS /3, (5.6)

Such form of the production function was chosen to eliminate increasing
returns to scale that emerge when the sum of exponents exceeds 1.

Fig. 5.1 shows the influence of the number of firms (sectors) on the dy-
namics of production. In the case of a large number of firms, the trajectories
are smooth and the fluctuations are almost absent. Such behaviour is intu-
itive — in the limit of the infinitc number of firms, the fluctuations cancel out
and we obtain the same result as for a set of representative agents, which
are analyzed in the neoclassical models of economic growth. The examined
model can then be considered as a particular case of the Solow-Swan model
with three types of accumulated capital.

When the number of firms decreases, the fluctuations start to play an
wcreasing role. In the case of only 9 firms (sectors), we observe the presence
of cyclical fluctuations. The largest fluctuations are observed in the dynamics
of consumption, for which fluctuations resulting from the variety of firms and
fluctuations in the overall consumption rate are superimposed?.

Figurc 5.1: The influence of the number of firms on production
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“We assume that every firm allocates the same fraction of production and this fraction

is a normal random variable.
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YageKaggHaggAagg:Cagg
YKy HgAgCo

YaggKaggHagg-Aagg:Cagg
Vg,Kg.Hg Ag,Cg

Explanation: left: the paths of 3 types of capital, production and consumption (aggregated
for the whole economy — bottom index agg) for, respectively, 10000, 100 and 9 firms.
Right: the growth paths (bottom index g) of the respective quantities.

The behaviour of the growth rates of the considered quantities is similar.
For large number of {irms we obtain small {luctuations (except for consump-
tion fluctuations, independent of the variety of firms) and we can speak of a
balanced growth of production and the three types of capital. The smaller
the number of firms, the more visible the fluctuations (the vertical scale is
different for these plots) they are of the order of, respectively, 0.1%. 0.5%
and 1.5%).

Fig. 5.2 shows the influence of the number of firms (sectors) on the
dynamics of investments in three types of capital. The behaviour of these
quantities explains the presence of fluctuations of production and the three
types of capital, which are observed in Fig. 5.1. In the case of a large number
of firms, the fluctuations are almost absent averaging the investments over
a large number of firms leads to results that are similar to the ones from the
neoclassical models with representative agents. The smaller the number of
firms, the larger the investment fluctuations. We observe a kind of cyclical
behaviour that leads to a cyclical behaviour also for production and the
three types of capital. The fluctuations in the growth rates of investments
are even larger than in the growth rates of production and capitals. For a
small number of firms, we observe that there are periods without investments
in technology — the growth rate of technology is then -1 and is indefinite in
the subsequent period.

Fig. 5.3 shows the influence of the parameter div on the dynamics of pro-
duction, three types of capital, consumption and investments for N = 100
firms. The larger the value of this parameter, the more effective the allocation
of investments (in the limit div — oo we would have an ideally effective allo-
cation — every infinitesimal fraction of profit would go to the most effective
type of capital). At the scale of the whole economy, any potential inefficiency
related to the activity of a single firm is equalized by other firms’ activities
and the influence of the parameter div is practically unobservable.

A similar analysis was performed for the parameter ¢ and it is shown in
Fig. 5.4. The larger fraction of profit goes to investments (smaller ¢), the
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higher the production. However, in practice, too low values of the parameter
c are impossible to reach in real-world economies, since the parameter ¢ can
be treated as return to the factors of production (or production costs), so the
realistic values are above ca. 70%. The value ¢ ~ 82% is the break-even point
for the economy for higher values of ¢ it is not possible to reproduce the
factors of production which are depreciated and production in subsequent
periods starts to decrease. Also, the investments in technology disappear,

Figure 5.2: The influence of the number of firms on the dynamics of
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Explanation: left: the paths of investments in 3 types of capital (aggregated for the whole
economy ) for, respectively, 10000, 100 and 9 firms. Right: the growth paths of investments
(bottom index g).

Figure 5.3: The influence of the parameter div on the dynamics of pro-
duction, 3 types of capital, caonsumption and investments
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Explanation: left: aggregated quantities, right: respective growth rates. All plots for
t =50 and N = 100 firms.

since it is more reasonable to invest all the unconsumed profit in physical and
human capital, which undergo depreciation. Therefore, the savings rate 1 —c¢
determines the growth rate of production p.c. and the remaining variables
of the model.

5.1.3 Discussion

The model that we considered in this section is too simple to serve as a re-
alistic description of real-world economies and especially the role of human
capital and technological progress for economic growth. However, we showed
the close relations between neoclassical and simulational models. For small
diversity of agents (firms, sectors) or very large number of them, the sim-
ulational model reproduces the most important results of the neoclassical

Figure 5.4: The influence of the parameter ¢ on the dynamics of invest-
ments
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Fxplanation: the standard deviation of ¢ was taken at 10% of its mean value. Up:
consumption, three types of capital and production. Down, left: the growth rates of these
quantities, right: investments in three types of capital. All plots for ¢t = 50 and N = 100
firms.
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models — the heterogeneous agents are almost identical or the diversity is
averaged out and we have a situation analogous to a sct of representative
agents.

For larger diversity of agents (or for smaller number of agents, which is
equivalent). there emerge fluctuations and cyclical behaviour in the simu-
lational model these are inherent properties of the real-world economies.
This feature of the model makes it possible to describe this very complex
system — the economy. Another advantage of the simulational approach is its
elasticity — it is possible to choose very different sets of rules for the agents
and analyze the consequences. In this way, one can overcome one of the most
important constraints of the neoclassical models their extensions in cer-
tain directions (e.g. taking the diffusion of technology effects into account) is
often very difficult, since only some formulations of the problem are subject
to analytical solution.

An example of the extension of the simulational model to include endoge-
nous mechanisms of human capital accumulation and technological progress
is considered in the following section.

5.2 Ramsey-Cass-Koopmans-type simulational
model

5.2.1 Setup of the model

Tet us consider an economy consisting of N agents (firms, sectors). The
agents produce a single kind of good (which can be thought of as an aggregate
good which can serve both as a consumer good and an investment good).
The production of the firms is given by the following production function:

Yi(t) = (Ki(6)* (Ai(t)na() Hi(1))' ™ (5.7)

where: « — a paramcter, the bottom index ¢ denotes i-th firm, ¢ — time, K;(t) —
physical capital, A;(t) — technology level, H;(t) — human capital stock, n;(t)
— the fraction of human capital used in production (the remaining part,
1 —n;(t), is used in human capital accumulation).

Each firm (sector) can be identified with a single consumer or a group of
consumers who own it. The basic task of the owner(s) is to divide the pro-
duction in any given period of time between consumption and investments
in physical capital, human capital and technology. The aim of the owner(s)
at time ¢ is to maximize the utility of consumption over a given time horizon
[t, t + Tinax); where Thq, i1s an important parameter to be specified later.

At every time step t, we have:

Yi(t) = Ci(t) + IK () + 17 (t) + IA 1), (5.8)

where: Y;(t) i-th firm’s production at time ¢, Cy(¢) consumption of the
owner(s) of the i-th firm, IF(¢) 4-th firm’s investment in z at time ¢ (x =
K, H, A)>. For simplicity, we allow no borrowing, i.e. in each period of time
only the produced amount of goods can be divided. We introduce the decision
variables® 85 (¢), 57 (t) and 3/(t), denoting, respectively, the fraction of i-th

firm’s output allocated to an investment in physical capital, human capital
and technology. Thus:

SWe will call Y,C, K, H, A the state variables.
€All decision variables that will be control variables of the maximization problem will
be denoted by hats above their symbols.
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) = SOV, @ = K H A, (59)

Ci(t) = (1= 85 (t) = 3'(t) = 5 (1) Yi(1). (5.10)

Tn this way, the balance condition (5.8) can be written as:

Yi(t) = (1=31(8) = 81 (t) =31 () Yi(0) + 51 (1) Ya (1) + 3] () Yi (1) + 5 (1) Vi ().

(5.11)
The dynamics equations for K, H and A are:
Ki(t+1) = (1 - 5{<(t)) Ki(t) + AKi(t), (5.12)
Hi(t+1) = (1= 6/1()) Hi(t) + AH (), (5.13)
Ai(t+1) = (1 = G (1) A1) + AAi(D), (5.14)

where: 67 (t) — the depreciation rate of variable x; at time ¢, Ax;(t) — the
increase of x; as an effect of the respective investment. The functional forms
of Az;(t)’s can be chosen in an almost arbitrary way.

So far, our considerations have been fairly general. Now, let us try to
be more specific and assume the following dependences of Ax;(t)’s on the
fraction of output allocated to a given investment §7(t). For physical capital,
we take its increase to be the result of a simple accumulation, i.e.:

AK;(t) = I5(t) = 85 ()Yi(1). (5.15)

For human capital, we take a form similar to eq. (2.2) from the Manuelli-
Seshadri model:

AH(t) = (1) (3F@OYi(1)" (1= na(t)) Hi(), (5.16)

where: z;(t) the efficiency of human capital accumulation, 7n;(t) fraction
of time devoted to production, 1, 72  parameters. The increase in human
capital depends on the human capital investment I (¢), but is not equivalent
to a simple accumulation process as for physical capital.

Finally, for technology, we take the following equation, analogous to eq.
(3.29), including an own-research term and a diffusion term:

AA(E) = (T() = A@)r @) + wa(t) (320)" (4@, (517)

where: T(t) — the technology frontier, 7/(t) — the efficiency of implemen-

tation of the frontier technology”. p(t) reflects the size of the firm’s own
technological improvement, related to the company’s R&D expenditures
IA(t) = 82(1)Yi(t), n, ya — parameters. The frontier technology T(t) is
assumed to be growing exponentially with a growth rate o:

T(t) = T(0)e’t. (5.18)

The vital part of the model is the choice of the product division variables
§7(t) and the time division variable 7;(¢) for all firms ¢ = 1,..., N and all
moments of time ¢. Fach firm should choose such values of the variables that

“In an ideal case, one can imagine a complete imitation of the leader’s technology,
resulting in an immediate catch-up with the frontier technology A;(t) — T'(t). More
realistically, technology diffusion from the leader country to the firm under consideration
will be much slower, which is reflected in the value of r{(t) at a given time t. Thus
0<ri(t) <1
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maximize the utility of consumption of the owner(s) over the time horizon

[t, t+ Tm(m}:
Tmaz

Uit) = 3 u(Cilt + £))e O, (5.19)
=0
where U;(t) — sum of discounted utilities of consumption over the horizon
[t, t + Tinaz)s pi(t +t') — the discount rate of firm ¢ at time ¢t + ¢’ and:

(Ci(t+1)' ™ —1
1—e€

is a CIES-type utility function, e being the inverse of the intertemporal

elasticity of substitution®.

We now assume that the owners of the firms do not know the exact values
of the variables p;(t), 85 (t), 67 (t), 62(t), 2 (t), TA~( ) and p;(t) — theV are

K3
aware only of their expected values, denoted by g, 65, 6, 64, z, 7 and fi,

respectively®. This introduces randomness (uncertamty) to the model.

w(Ci(t +t)) = (5.20)

Therefore. the owners do not know the exact dynamics of the relevant
quantities; only the expected dynamics, given by the set of equations (5.21)-
(5.24). For each time ¢, the owner(s) of the i-th firm calculates the expected
dynamics for the moments ¢ = 1,2,..., T succeeding the time ¢. Thus,
we denote by )N(i(t, t') (where X = Y, K, H, A, C, I* T I4) the expected
level of the variable X for the time moment ¢+ t', prediction being made at
time ¢. In addition, we have X;(¢,0) = X;(t). Let us introduce the following
definition. The expected dynamics of the i-th firm E;[t, Tyaz, 85 (), ,§LH(t),
§;4(t) i(t)] for the time horizon [t+1, Tinqs] is the set of trajectories {Yi(t,1),
Ci(t,1), K; (t,1), H;(t,1), Ai(t,1),..., Yi(t, Trmaz ), Ci(t, Trmaz), Ki(t, Tonaz),
H; (t, Trnaz)s A; (t, Tonaz) } of expected levels of the state variables of the model
for the time horizon [t+1, Tinas ], with decision variables set to §ZK(7‘)7 §LH(1‘),
32(t), ni(t), given by the following set of equations (5.21)-(5.24):

Yi(t,t) = Ci(t,t) + IK(t, )+IH(7/)+I~A(tt’):
= (1=855(t) = 8/ (t) — 57 (1)Yi(t,1") + (5.21)

+ éf((t)ﬁ-(t,t’ﬂ (t)Y(t ) + 3 (1) Yi(t, 1),
Kt +1) = (1= 8%) Kt ¢) + 55 (0Vi(t.1), (5.22)
Hit,t +1) = (175H)I§Z-(t,t’)+ (5.23)

+ (3 )” (0 —n) Bt 1))

At +1) = A t)+ (T@E+t) = A, t)) it +
+ a(sh®)" (Ai)™ (5.24)

The above equations allow us to find an interesting interpretation for the
parameter Tpqq. As t is increased towards Tg., the values X (t,¢') become
increasingly uncertain. If the level of uncertainty for a given economy is high,
the predictions become very inaccurate even for a moderate ¢'. Similarly, if
the degree of uncertainty is low, the predictions can be accurate even for
a relatively large t'. Therefore, the parameter T, measures the level of
uncertainty of an economy the higher T},,., the lower the uncertainty.
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For a given time ¢ and uncertainty parameter T},,q,, the owner(s) of the i-
th firm choose the optimal division of the product Y;(¢) between consumption
and investments, expressed by the decision variables §5 (), $7 (), 32 (), i (2).
In other words, from all possible sets of trajectories E;[t, Tyaz, 85 (t), 87 (),
52(t), 7i(t)] the i-th firm’s owners choose the trajectory that should lead!®
to the highest possible utility of consumption. Now, we introduce another
definition. The optimal division of the product Y;(¢) is the set of values of
the decision variables 85 (¢), 87 (t), 3£ (t), 7;(t) that leads to the expected dy-

(2 [

namics E;[t, Tmae, 5 (t), 85 (t), 32 (t), 2s ()] which assures the highest expec-

(2 ?% 1
tation value of the utility of consumption over the time hovizon [t, ¢+ Tynqs]:

Trmax

Ui(t) = > u(Ci(t,t)))e . (5.25)

t'=0

Thus. the optimal division of the product Y;(t) leads to the notion of the
optimal expected dynamics. The optimal expected dynamics of the i-th firm
for the time horizon [t, Thae] EX'[t, Tonaz, 85 (1), 87 (1), 32(t), 75 (t)] is the ex-
pected dynamics E;[t, Tiae, 85 (t), 87 (), §;4(t),ni(t)} with the decision vari-
ables set to their optimal values.

At each time step, the actual dynamics of the economy differs from the
expected dynamics, because in reality the dynamics of the state variables is
given by the set of equations (5.11)-(5.17) and not (5.21)-(5.24). Therefore,
there are differences between the owners’” expectations and the actual values
of production, physical capital, human capital, technology and consumption.
These differences cause that the owners’ decision might not be optimal ex
post.

As an example, let us consider a few time steps in the evolution of some
economy. We choose some firm i. The initial conditions are the levels of
capitals K;(0), H;(0) and technology A;(0) which lead to some value of pro-
duction Y;(0). The owner(s) chooses the optimal division of the product Y;(0)
represented by the values 55(0), 577(0),3(0) and 7;(0). This choice will be
optimal if the actual dvnamlcs will closely follow the optimal expected dy-
namics EX[0, Tz, 85 (0), 577(0), 8£2(0), 724 (0)]. However, at t = 1 the state
variables dlffel from their expected values Y;(1) # Y;(0, 1) K;(1) # K;(0,1)
etc. This entails a correction of the optlmal division of the product, leading
to the optimal expected dynamics B (1, Trnas, 85(1), 87 (1), 524(1), 74 (1)].
In other words, if the actual dynamics is at time ¢ different from the expected
dynamics, we have X;(t,1) # X;(t + 1) and X;(t,¢') # Xi(t + 1,¢' — 1).

The model can easily be simulated with a direct Monte Carlo method. At
every time step, the optimal division of the product and the optimal expected
dynamics for every firm can be calculated. Then, one simulates the actual
dynamics and one repeats the computation scheme for the next time step.
Thus, for every time ¢ one can find the aggregate (or, equivalently, average)
values of the state variables and their growth rates. As we will show in the
next subsection, the model can lead to a non-trivial dynamics and interesting
economic conclusions.

11 the case that all random variables take their expected values.
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5.2.2 Properties of the model

To examine the properties of the model, we assume the parameter values
given in Tabs. 5.3 (parameters that are not random variables) and 5.4 (pa-
rameters of random variable distributions).

Table 5.3: Parameters of the model used in simulations.

‘ « et V2 a n YA | Tonaz | €
‘0.315 06310300208 | 05|15 20 1

Table 5.4: Parameters of random variable distributions (with standard de-
viation equal to v = 20% of the mean).

oK o1 b2 Di i i

mean | 0.06 | 0.018 | 0.361 | 0.07 | 0.02 | 01
std.dev. | 0.012 | 0.0036 | 0.0722 | 0.014 | 0.004 | 0.02

The parameters a, 1. 72 and the expected values of the random variables
SKE(t), (1), 2z(t) and p; (i = 1,2,..., N, with each firm expecting the
same value of these variables) have been chosen at the same levels as the
analogous variables in the Manuelli-Seshadri model. The value of o has been
taken at its empirical value for the United States for years 1981-1999. The
remaining parameter values have been chosen arbitrarily. assuming only that
the two terms in eq. (5.17) are of similar importance (technology diffusion
and the firms’ own R&D contribute equally to technological progress) and
that there are increasing returns to scale in research activity. We also assume
that the time horizon Tia. equals 20 years''. However, the influence of this
parameter will also be investigated (by explicitly comparing the predictions
of the model for T)p,q, = 15,20 and 25 years).

It is worth to mention that other sets of parameters have also been
examined. We have concluded that there is no qualitative change of the
model dynamics, provided the values are chosen in an economically sensible
manner. Thus, the assumed parameter set can be thought of as a typical set
of parameters for this model.

Fig. 5.5 shows the influence of the number of firms (sectors) on the
dynamics of production. A characteristic feature of the model (similar to the
Solow-Swan simulational model) is that for large N the trajectories of all
the factors of production, of consumption and production are smooth, with
statistical fluctuations averaged out. The picture of the economy is one of
a set of representative agents, with, by definition, identical characteristics.
Therefore, one could call such a model an extension of the Ramsey-Cass-
Koopmans model to include human capital accumulation and technological
progress. Further justification of such a view on the model in the limit of
large N will be given in a moment.

On the other hand, for smaller N the statistical fluctuations play a bigger
role. The size of the fluctuations is determined by the standard deviations of

"Having chosen the above values for the parameters of the model, we have also implic-
itly set the time unit to 1 time step = 1 year.
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the relevant variables. The plots of Fig. 5.5 for N = 10 and N = 1 are much
more similar to empirical data plots, making this regime of the model very
interesting to examine. While it explicitly corresponds to a small amount
of firms, such an interpretation is not mandatory. In neoclassical models of
economic growth, one often considers economies with just one product. The
assumption of one aggregate product is not to be taken literally it rather
reflects the fact that from the economic point of view what really counts is
the total value of produced goods and not the fact that there are many firms
who produce many products.

However, the presence of statistical fluctuations in the time series of vir-
tually all quantities of interest is an empirical fact and it may be interesting
to explore the properties of these fluctuations, since it can lead to a better
comprehension of the underlying mechanisms. Thus, the regime of small N
can be of interest and we can then interpret N rather as the number of sec-
tors in the economy under analysis. Another reason for this is the intuition
that the dynamics of firms from the same sector can be highly correlated,

Figure 5.5: The dependence of the production dynamics on the number
of firms (sectors) N
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FExplanation: left column shows the growth paths of the average production, two types
of capital, technology and consumption for 100, 10 and 1 firm. Right column shows the
growth rates of the respective quantities (g,, where z is the quantity under consideration).
Parameter v = 0.2.
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e.g. a cold summer will lead to lower sales of all companies who produce
beer — in this way the fluctuation (cold summer) leads to the same effect for
all beer companies and all of them can be described by just one agent in our
model.

Another interesting feature of the model that can be seen in Fig. 5.5 is
that for small N the fluctuations are often cyclical. This results from the
fact that any statistical fluctuation leads to some feedback on the part of
the company, e.g. higher effective depreciation of physical capital can lead
to an increased investment in physical capital on the plot for the growth
rate of physical capital one can see then a cyclical behaviour.

Figure 5.6 shows the dynamics of the economy (for N = 100 firms) in
the long-run. One can observe that the growth rates of production, physical
capital and human capital tend to equalize — the economy approaches a
steady state (a balanced growth path), typical for neoclassical models of
economic growth!?. In this class of models, however, one usually solves for
the balanced growth path, for which the growth rates of the relevant variables
are equal. A solution for transitional dynamics how the economy starts
from arbitrary initial conditions and how it approaches the state of balanced
growth — is often hard to find analytically. In simulational models of growth,
on the other hand. transitional dynamics is no more difficult to find than
the steady state, which is clearly another advantage of this paradigm of
modelling.

It is worth adding that in the model under analysis, not all variables grow
with the same growth rate (the growth rates of technology and human cap-
ital differ from each other and from the common growth rate of production,
consumption and physical capital). This is a built-in feature of the model,
resulting from the fact that there is no straightforward link between the dy-
namics of technology, human capital and production (whereas the dynamics
of physical capital and consumption is related explicitly to the dynamics of
production).

Figure 5.6: The growth paths of production, consumption, physical

capital, human capital, technology (up) and their growth rates (down)
in the long run. N =100 firms, v = 0.2
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2For small N the statistical fluctuations are too large to allow a balanced growth type
of behaviour.
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Fig. 5.7 shows the influence of the number of firms (sectors) on the in-

vestment dynamics. Similarly to the dynamics of production and the factors
of production, the fluctuations of investments and their growth rates are the
largest in the regime of small N. At the start of the period of analysis one
can again see the transitional dynamics associated with the choice of the
initial conditions.

Figure 5.7: The dependence of the investment dynamics on the number

of firms (sectors)
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Explanation: left column shows the growth paths of investment in physical capital, human
capital and technology for 100, 10 and 1 firm. Right column shows the growth rates of
investments g7, (where Iz denotes investment in z). Parameter v = 0.2.
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Figurc 5.8: The dependence of the division of output on the number of
firms for 100, 10 and 1 firm, respectively
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FExplanation: The plots show the average fraction of output devoted to consumption and
investments in physical capital, human capital and technology. Parameter v = 0.2.

Fig. 5.8 shows that the number of firms has no visible influence on the
division of output between consumption and investments. Every firm divides
its output depending on its discount rate and its resources at a given time.
However, the levels of these variables are comparable and therefore the divi-
sion of output is similar for all firms. A typical effect for all firms is that the
investment rate increases over time. This is due to the increase in the stock
of knowledge (human capital and technology) — to maximize the discounted
sum of future utility it is profitable to invest increasingly more in physical
capital.

In Figure 5.9 we show the dynamics of the basic variables of the model
in the case of N = 10 firms. The trajectories are much less smooth and

Figure 5.9: The dynamics of the model variables and their growth rates
for v =0.5 and N = 10 firms
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Figure 5.10: The influence of the horizon T,,,, and the discount rate p
on the dynamics of production, consumption, physical capital, human
capital and technology
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the growth rates fluctuate with approximately five times larger amplitude!®,
The division of output is only slightly affected. The fluctuations are not large
enough to threaten the stability of the economy. The stability would only
be violated if one of the factors of production fell down to zero — otherwise
an adjustment can always be made by a firm to compensate for even a large
fluctuation.

Finally, we consider the influence of the discount rate and the length of
the horizon Tinee (Fig. 5.10). We analyze three values of the parameter Tya.
— 15, 20 and 25. For T4, = 15 a larger fraction of production is consumed
and the investment rate is lower than for T}, = 20 or 25. As a consequence,
the growth rates of the economy are lower. A similar effect on the economy
is exerted by high values of the discount rate (p = 0.1 on the right side of
the plot). In such case, the later periods are less important for the owner(s)
of the firm and they prefer current consumption to investments, leading to
an increase in future consumption. For large values of T4, or for small
values of p. future consumption is relatively more important than current
consumption and the growth rate of the economy is higher.

It may seem to be unreasonable why the length of the planning horizon
should influence the growth rates. However, as we have already stated, under
uncertainty T4, can be interpreted as the longest period over which the
owners of the firm can reliably foresee the dynamics of the economy. If
the uncertainty is large, the owner(s) can plan only for a few periods, for
t' > Tz it is not possible to predict anything. For smaller uncertainty, the
owner(s) can look into a more distant future and thus it is profitable for
them to invest more and contribute to faster growth.

The link between uncertainty and growth can be understood also in the
following way. If the uncertainty is large, a lot of owners’ decisions is non-
optimal and the growth is slower. In the case of smaller uncertainty more
decisions turn out to be optimal or near-optimal and the growth is faster.

In this way, the parameter T},4, captures a similar property of the econ-
omy as the parameter v — the ratio of the standard deviation to the mean for
the quantities given in Table 5.4. However, it is not the same as the latter

it rather reflects the owners’ sensitivity to uncertainty. Still, it is certainly
one of the most important parameters from the point of view of empirical
research based upon the model.

5.2.3 Empirical analysis for the OECD countries

The empirical analysis for the OECD countries in 1981-1999 was performed
in the following way. The parameter values were taken from Tab. 5.3. The
expected value of the parameter z was chosen at 0.361 (in accordance with
the Manuelli-Seshadri model) and of the depreciation rate of human capital
at (.04, which leads to ca. 1-percent growth of human capital stock that we
assumed in the previous chapter.

The values of the remaining parameters of random variables from Tab.
5.4 will be calibrated. The calibration procedure will consist in finding such
parameter values that the model and empirical physical capital p.c., technol-
ogy level and production p.c. (GDP p.c.) agree in the best possible way. The
measure of this agreement is again the mean relative error M RE, defined
by (3.32). The standard deviation was chosen at v = 20% of the respec-
tive mean and the planning horizon is T" = 20 years. The simulations were
performed for N = 10 firms (sectors).

"¥Compare with the middle rows of Fig. 5.5, 5.7 and the upper right plot of Fig. 5.8).
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For each country we calibrate the discount rate (which determines the
growth rate of GDP p.c.), depreciation rate of physical capital p.c. and the
parameters y and r (technology parameters).

In the case of USA, the technology leader, the parameter u was found
to be 0.18 and this value was chosen [or the other countries, [or which only
the diffusion parameter 74 was calibrated (in USA r4 = 0, by definition).

The results of the calibration procedure, together with mean relative
errors of the calibration of physical capital, production and technology. are
shown in Tab. 5.5. We observe the following regularities:

Table 5.5: The results of the calibration procedure and the mean rela-
tive error for 28 OECD countries

Country | 6% | 5 7 | MREX | MREY | MREA
AUS [0.16 [ 008 .02 | 0.068 | 0.033 | 0.017
AUT |014 | 008 0.02 | 0049 | 0035 | 0.037
BEL |021 010 0.03 | 0075 | 0.023 | 0.024
CAN |019|010| 002 | 0092 | 0058 | 0.045
CZE [022]008| 003 | 0276 | 0038 | 0.064
DEN | 023]010]| 002 | 0075 | 0028 | 0.030
FIN |021|008| 0.04 | 0237 | 0067 | 0.026
FRA |0.21]0.09| 002 | 0094 | 005 | 0.029
GER |0.16 | 0.08| 002 | 0069 | 0.030 | 0.024
GRE |0.17|006| 002 | 0050 | 0013 | 0.070
HUN | 027004 | 001 | 0120 | 0082 | 0.129
IRL | 028 0.06| 0.06 | 0118 | 0.062 | 0.067
ISL | 020|010 0.06 | 0.081 0.031 | 0.029
ITA 021|009 0.05 | 0079 | 0054 | 0.026
JPN | 0.07]0.09| 004 | 0087 | 0.049 | 0.026
KOR |0.00|0.01| 0.02 | 0130 | 0.044 | 0.042
MEX | 0.21]0.04| 001 | 0193 | 0.077 | 0.107
NED |08 ]0.09]| 002 | 0038 | 0019 | 0.021
NZL | 018 |0.07| 001 | 0087 | 0032 | 0035
NOR |0.13|0.10| 0.06 | 0082 | 0.035 | 0.039
POL | 026|004 | 001 | 0251 0.074 | 0.117
POR |0.13]002]| 002 | 0068 | 0.041 0.041
SPA (020 ]0.05] 0.02 | 0092 | 0039 | 0.033
SWE |0230.10| 001 | 0158 | 0.060 | 0.020
SWI |02 ]012] 0.00 | 0092 | 0035 | 0.025
TUR |0.13|0.00|0.004 | 0085 | 0112 | 0.034
UK 022009 002 | 0094 | 0050 | 0.024
USA |020|012| - 0.060 | 0043 | 0.036

e The values of the physical capital depreciation rate are much higher
than the level that is usually given in the literature  6-7%. It results
from the fact that we do not take taxation into account and thus the
growth rate of physical capital that results from optimal division of
production between consumption and investments is much too high if
the depreciation rate is only 6-7%. Therefore, the calibration procedure
requires to raise the expected value of the physical capital depreciation
rate and interpret it as the measure of depreciation and taxation.
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e The discount rate is high in the richest countries (USA, Canada. Den-
mark, Iceland, Norway, Sweden, Switzerland), and rather low in the
relatively poorest countries (Greece, Hungary, South Korea, Mexico,
Poland, Portugal, Turkey). Hence, the model confirms that the higher
the wealth of a country, the smaller the tendency to postpone con-
sumption (in favour of investments that raise future consumption),
and the poorer the country, the higher this tendency to raise future
consumption.

o The diffusion parameter 74 takes the highest values for countries,
where the diffusion parameter was high in the models that we inves-
tigated earlier (Ireland, Iceland, Italy, Norway). The smallest values
are observed in the countries where we got the lowest values or neg-
ative ones (Hungary, Mexico, Poland, Sweden, Switzerland, Turkey).
The agreement between the conclusions from these models means that
there really are countries, where technology diffusion effects play an
important role and a group of countrics where they are relatively less
important.

e The mean relative errors are the highest for physical capital, since
the empirical time series for physical capital are the most irregular.
The errors of GDP p.c. and technology calibration are much smaller.
Generally. we have also smaller errors for the wealthier countries, where
the empirical fluctuations are smaller.

According to the model, the consumption rate in 1981 fluctuated be-
tween 67.5% and 78% (Tab. 5.6). The remaining part of production was
invested. The majority of investments went to physical capital — from 14.1%
to 24.2% of production. The investments in human capital took 3.1% to
7.2% of production and in technology 1.2% to 4.5% of GDP. In 1999 the
consumption rate was lower than in 1981 in all of the countries and equalled
62.8% to 74.1%. As a consequence, the investment rate increased, especially
the investments in technology went up (to between 2.1% and 7.4%) and also
in human capital (up to 5.7% to 10.5%). The physical capital investment
rate grew in most of the countries, but it shrank in some of them, ranging
in 1999 from 13% to 24.7% of production.

We should emphasize that the obtained values of investments arc the
optimal values. In the real-world, we always observe some deviations from
these optimal rates and thus the sum of discounted utilities of consumption
can be smaller than the maximal possible value.

Tt is interesting to examine the fluctuations in the growth rates of the
analyzed quantities. The minimal and maximal values are gathered in Tab.
5.7. The amplitudes of fluctuations are rather similar to the amplitudes in
the empirical time series. For example, the growth rates of production range
for most of the countries between ca. 1% and ca. 5%. The largest fluctuations

Table 5.6: The division of product between investments and consump-
tion for 1981 and 1999

S‘A gK ‘;H gC 9A ‘;K 9H 9C

Country | 1981 | 1981 | 1981 | 1981 | 1999 | 1999 | 1999 | 1999
AUS 28 | 186 | 5.8 | 728 | 47 | 19.8 | 7.2 | 68.3
AUT 29 | 186 | 59 | 726 | 49 | 189 | 74 | 688
BEL 28 | 211 | 51 | 71.0 | 47 | 208 | 6.5 | 68.0
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CAN 30 | 185 | 52 | 732 | 50 | 200 | 6.5 | 685
CZE 23 | 179 | 43 | 755 | 36 | 222 | 6.6 | 67.7
DEN 34 | 225 | 54 | 687 | 56 | 21.7 | 6.9 | 658
FIN 22 1206 | A8 | 715 | 43 | 219 | 7.2 | 66.7
FRA 31 1202 | 54 | 712 | 53 | 211 | 6.9 | 66.7
GER 30 1199 | 58 | 7.3 | 50 | 198 | 7.3 | 679
GRE 1.7 1201 | 5.0 | 731 | 36 | 212 | 72 | 67.9
HUN 16 | 236 | 3.8 | 71.0 | 29 | 247 | 6.1 | 66.3
IRL 1.5 | 241 | 68 | 675 | 40 | 247 | 84 | 628
IST. 20 | 194 | 53 | 732 | 3.6 | 207 | 6.5 | 69.2
ITA 20 1205 | 54 | 721 | 39 | 216 | 6.8 | 67.8
JPN 20 | 141 | 539 | 780 | 38 | 147 | 74 | 741
KOR 1.2 | 187 | 72 | 73.0 | 3.4 | 13.0 | 105 | 73.0
MEX 1.5 | 221 | 40 | 724 | 2.8 | 232 | 6.3 | 67.7
NED 3.0 | 204 | 52 | 1.3 | 48 | 202 | 6.8 | 68.2
N7L 31 1200 56 | 1.3 | 48 | 208 | 7.1 | 67.3
NOR 1.8 | 169 | 55 | 75.7 | 3.5 | 17.7 | 68 | 72.0
POL 1.2 | 242 | 31 | 715 | 24 | 246 | 5.7 | 67.3
POR 1.7 1201 71 | 712 | 39 | 211 | 92 | 638
SPA 23 | 225 | 60 | 692 | 44 | 226 | 79 | 652
SWE 33 | 210 46 | 712 | 51 | 214 | 6.1 | 673
SWI 3.8 | 147 | 47 | 768 | 5.7 | 162 | 6.1 | 72.0
TUR 14 | 231 | 41 | 713 | 21 | 207 | 64 | 70.7
UK 29 | 223 | 50 | 69.8 | 48 | 21.8 | 6.6 | 668
USA 45 | 189 | 51 | 715 | 74 | 195 | 66 | 66.5

Table 5.7: Minimal and maximal growth rates of praduction, physical
and human capital, technology and consumption

Coun- | min | max | min | max | min | max | min | max | min | max
try gy | 9y | gA | gA gk | 9x | 9u | g | 9o | 9gc
AUS 06 | 53 | 22| 3.0 | -1.3 6.1 |-06] 21 |-33| 89
AUT | 1.6 | 52 | 2.0 | 3.3 | -0.2 6.8 |-06 ] 20 |-2.7| 64
BEL 0.4 | 49 1.9 | 33 | -1.5 71 |-111] 16 | -39 6.9
CAN | 04 | 44 | 1.8 | 31 -2.8 5.7 |-05 ] 16 | -5.3 | 6.8
CZE |-1.8 | 50 | 32 | 45 |-111| 72 [-16 | 1.0 | -49 | 129
DEN | 1.1 5.0 1.8 1 32 | -14 78 |-04 ] 18 | -54 | 84
FIN 1.0 | 62 | 25 | 3.8 | -44 73 |1-061] 20 |40 99
FRA | 03| 50 | 20 | 3.5 | -3.0 6.8 |-04] 21 |-62| 5.1
GER 16 | b2 | 2.0 | 3.3 0.3 73 |1-07] 19 | -28 | 7.8
GRE | 1.1 | 50 | 3.3 | 43 | -2.5 6.1 |-12] 15 | -5.0| 4.9
HUN |[-16| 33 | 28 | 3.2 | -7.2 5.4 |-241] 00 | -46 | 54
IRL 30| 69 | 39 (102 | -96 97 | -09 | 21 |-14 | 114
1ST. 09 | 48 | 26 | 3.4 | 2.8 5.8 | -0.8 | 23 |-33| 5.2
ITA 1.2 | 52 | 28 | 39 | -31 5.9 | -1.01] 19 | -1.3 | 6.0
JPN 29 | 45 | 24 | 4.1 1.5 41 [-05] 20 | 04 | 5.9
KOR | 5.8 | 9.7 | 45 | 9.0 66 | 151 |-15| 34 | 34 | 132
MEX | -08 | 32 | 2.8 | 3.3 | -4.8 42 [-221]-01]|-37]| 54
NED | 1.3 | 4.2 1.7 | 3.0 1.0 5.9 | -1.1 ] 1.7 | -26 | 6.6
NZL 0.3 | 4.1 1.7 | 27 | -2.2 5.9 |-091] 1.7 | -40 | 5.6
NOR | 2.0 | 49 | 27 | 4.0 | -0.5 5.9 |-081] 20 |-1.6| 6.6
POL | -04] 32 | 3.1 3.8 | -3.8 5.3 |1-291] -03]-43| 59
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POR | 25| 50 | 3.7 | 53 | -16 | 53 |-06 | 1.5 |-3.5 | 121
SPA | 1.7 | 49 | 30 | 35 | -05 | 64 |-1.1| 1.7 | -28 | 83
SWE | 00 | 38 | 1.2 | 28 | -22 | 58 |[-14| 1.3 | -3.7| 5.6
SWI | 03 ] 39 | 14| 27 | -07 | 3.8 |-07| 20 |-22| 41
TUR | 04 | 371 | 2.0 | 2.5 0.3 [ 140 ]-25| 04 | -24| 6.1
UK 08 | 44 1731 | -01 | &80 |-12| 1.7 | -21 | 57
USA | 04 | 54 | 15| 35 | -11 | 63 |-03| 23 |49 70

are observed for physical capital and consumption — there are periods with
negative growth rates of these variables and also periods with growths of
the order of a dozen percent or so. The smallest amplitude of fluctuations
was obtained for human capital, however, we still observe both negative and
positive values of the growth rates.

Figs. 5.11-5.15 show the model and empirical dynamics of the analyzed
quantities for 28 OECD countries.

Figure 5.11: The empirical and model dynamics of the analyzed quanti-
ties for Australia, Austria, Belgium, Canada, the Czech Republic and
Denmark
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The agreement between the model and empirical data is rather good in
the case of technology and GDP p.c. and much worse for physical capital. Tt
results from the fact that the empirical dynamics of GDP p.c. and technol-
ogy are quite regular, whereas the trajectories of physical capital are very
irregular, which suggests that there are large statistical uncertainties related
to the measurement of this quantity.
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The considered model leads to arbitrary large fluctuations of the analyzed
quantities  their amplitude depends on the chosen value of the parameter
v and the number of firms (sectors). The random character of these fluctu-
ations means, however, that the measure of agreement — the mean relative
error — can point that the error is rather large, hence sometimes a much
better indicator would be a measure of the amplitude of fluctuations. This
aspect of the model the analysis of variability = was not considered in
this book, but it can be an interesting direction for future research. What
is more, the fluctuations observed in empirical time series can not be ana-
lyzed within the [ramework of representative agents, since they result [rom
differences between the agents.

The method used in the empirical analysis (the calibration of GDP, phys-
ical capital and technology) makes it possible to draw conclusions about the
dynamics of human capital in the analyzed period. We can distinguish coun-
tries where the human capital stock grew substantially during this period
(Austria, Germany, Treland, South Korea, Switzerland), grew moderately
(Australia. Canada, Denmark, Finland, France, Iccland, Ttaly, Japan, The
Netherlands, New Zealand, Norway, Portugal, Spain, USA), did not change
(Belgium, Sweden, United Kingdom), shrank slightly (the Czech Republic,
Greece) or decreased substantially (Hungary, Mexico, Poland, Turkey). It
is, however, worth to emphasize that the countries with a decrease in hu-
man capital stock are the countries of its worst quality and lowest quantity,
according to the Manuelli-Seshadri model. The conclusion from the ana-
lyzed model is that it was not profitable to invest in human capital in these
countries — it was just more profitable to invest in physical capital and/or
technology.

However, we do not take into account differences in the quality of school-
ing, the consideration of which could lead to new interesting conclusions and
is thus a possible direction for further research.

Figure 5.12: The empirical and madel dynamics of the analyzed guanti-
ties for Finland, France, Germany, Greece, Hungary and Ireland
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Also, the diffusion mechanism is rather too simplified in the model. The
elasticity of the simulational approach consists in making it possible to inves-
tigate the conclusions from many different rules of behaviour of the agents —
hence one can examine the consequences of a more complex diffusion mech-
anism, taking into account e.g. the effects of international trade in such a

Figure 5.13: The empirical and model dynamics of the analyzed quan-
tities for Iceland, Italy, Japan, South Korea, Mexico and The Nether-

lands
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way that we would have diffusion effects between arbitrary countries and
not only between the leader and other countries.

Another conclusion from the empirical analysis is that there are large
differences in the values of the diffusion coefficient. In relatively poor coun-
tries this coefficient is quite low, which means that technology diffusion is
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Figurc 5.14: The empirical and model dynamics of the analyzed quanti-
ties for New Zealand, Norway, Poland, Portugal, Spain and Sweden
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not as fast as it could be at higher efficiency. The key question for such
countries is then: how to improve the efficiency of technology diffusion and
thus catch up with the wealthier countries? The model also points that the
R&D expenditures in the poorer countries as a fraction of GDP are smaller
than their optimal value. Both of these effects (lower efficiency of technology
diffusion and lower than optimal R&D expenditures) mean that the growth

Figure 5.15: The empirical and model dynamics of the analyzed quanti-
ties for Switzerland, Turkey, United Kingdom and USA
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rate of technology is much smaller than the rate that is possible to achieve.
Thus, the growth rate of GDP p.c. is also not as high as it could be.
T.astly, it is worth to emphasize that it is a very simplified picture of the
real world. However, its main advantage is that it can be widely extended,
which is not possible in the case of many neoclassical models. We also pointed
to a few directions for future research. However, we could draw some inter-
esting conclusions also from the present version of the model and we could
confirm some of the intuitions about the essence of economic growth.

5.3 Summary

In this chapter the heterogeneous agents approach to the modelling of eco-
nomic processes was considered. We analyzed two models, in which the ef-
fects of differences between the agents are important.

Tn the first model, every agent makes decisions about dividing the pro-
duction between consumption and investments in three types of capital —
physical, human and technological capital. We showed that in the limit of
small diversity of agents the model reduces to a Solow-Swan-type model
with three types of accumulated capital. Tn particular, we observe a bal-
anced growth of production, consumption, physical capital, human capital
and technology.

The second model is a Ramsey-Cass-Koopmans-type model with endoge-
nous mechanisms of human capital accumulation and technology and the
division of product between consumption and investments. In the economy
described by this model, we also observe a balanced growth of production,
physical capital and human capital. The steady-state consumption grows
with a little lower rate of growth. Also, technology grows at a different rate
because of the diffusion processes. We performed empirical analysis basing
on the model and pointed to the directions for future research.
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Conclusion

The aim of this book was to consider different ways of theoretical mod-
elling of technological progress and human capital in the context of economic
growth and to examine the implications of different interpretations of these
notions. The most important hypothesis of the book was that human capital
and technological progress are the most important determinants of economic
growth.

The structure of the book was the following. In the first chapter we re-
viewed the world literature on the relationship between human capital, tech-
nological progress and economic growth. The second chapter was devoted to
considerations about human capital, based on the Manuelli-Seshadri model.
In the third chapter we analyzed the extension of this model to include
the technological sector and we introduced two new models of technological
progress with technology diffusion. The fourth chapter was devoted to the
simulational approach to technological progress and technology diffusion. In
the fifth chapter we introduced two simulational models of simple economies
with physical capital, human capital and technology.

The most important results that were presented in the book are (in the
order of appearance in the book):

e an application of the Manuelli-Seshadri model to estimate the quantity
and quality of human capital in the OECD countries, with special
attention to Poland and USA,

e a modification of the Manuelli-Seshadri model to include exogenous
technological progress and technology diffusion, as well as empirical
analysis of the modified model,

e an introduction of a technology dynamics equation with a diffusion
term and its empirical verification,

e an introduction and empirical analysis of an endogenous model of tech-
nological progress with two research sectors — the technology diffusion
sector and the implementation sector,

e an analysis and empirical verification of a simple simulational model
of technological diffusion,

e a modification of the microeconomic evolution model, which consisted
in an introduction of a mechanism of technology diffusion and empirical
analysis of such model,

e an introduction of a simulational model of a simple economy with three
types of capital,

e an introduction and empirical analysis of a simulational model of a
simple economy with endogenous mechanisms of physical and human
capital accumulation and technological progress,

e 3 proposal of a way to perform empirical analysis of simulational mod-
els,
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a demonstration of the advantages of the heterogeneous agents ap-
proach with respect to the representative agents approach — the stan-
dard approach in neoclassical growth theory,

an exhibition of the fact that simulational models can reproduce the
results of the neoclassical models (such as the Ramsey-Cass-Koopmans
model) and in addition they can describe some of the real-world as-
pects of macroeconomic dynamics, which are absent in the neoclassical
models.

The most important conclusions from the empirical analyses for the
OECD countries are the following.

Sweden is the country with the highest human capital stock p.c. Hu-
man capital resources in this country are higher than human capital
resources of countries with higher average length of schooling. Thus,
we can conclude that the quality of schooling and hence the quality of
human capital is the highest in Sweden.

Other countries with large human capital stocks p.c. are Finland, Nor-
way and Canada. The highest quality of human capital was observed
for Finland, The Netherlands and Denmark.

The countries with lowest human capital resources p.c. are Portugal,
Poland, Ttaly and Hungary. For Ttaly, it results from a short average
length of schooling and for the other countries also from a low quality
of schooling. Poland is a country of relatively long average length of
schooling and very low quality of schooling in countries with similar
average lengths of schooling human capital stock is nearly twice as
large as in Poland.

One can distinguish a group of countries where human capital stock
grew substantially in the analyzed period (Austria, Germany, Tre-
land. South Korea, Switzerland), a group of intermediate countries
and a group where human capital stock decreased (the Czech Repub-
lic, Greece, Hungary, Mexico, Poland, Turkey). It is noticeable that
these group consists of the poorest countries. To enable faster growth,
it would be advisable for them to increase investments in human cap-
ital and the quality of schooling.

The differences in human capital resources can not fully account for
the observed cross-country differences in GDP p.c. Hence, we also have
to take into account the differences in the levels of technology.

The diffusion coefficients differ substantially among countries. The flow
of technology is the most effective for Ireland, Iceland, Ttaly and Nor-
way. These countries profited the most from technology diffusion in
the analyzed period.

We observe low efficiency of technology transfer to France, Germany,
Sweden and Switzerland. These are the richest countries, which should
be considered rather as the suppliers of technology than as receivers.

Among the relatively poor countries, like Hungary, Mexico, Poland and
Turkey, the diffusion of technology was the most important mechanism
of technology growth, but the efficiency of this process was very low.
Hence, increasing this efficiency could substantially accelerate their
rate of economic growth.
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The diffusion coefficients do not depend on human capital resources

e.g. in Italy the average stock of human capital p.c. is low and the
diffusion of technology is very effective, whereas Sweden has the highest
average human capital endowment p.c. and at the same time the role
of technology diffusion is small.

The average effect of technology diffusion for the analyzed group of
countries is an increase of the growth rate of technology by ca. 2 per-
cent for a country with technology level equal to half of the level of
the technology of the technological leader, provided that the R&D
expenditures are equal.

Subsidies to research activity can widely increase the growth rates of
technology.

Apart [rom technology dillusion, also work on the implementation ol
the transferred technologies is needed — these technologies have to be
adjusted to the requirements of a given country.

The analyzed countries have different sensitivities with respect to tech-
nological backwardness. This sensitivity is rather low for the develop-
ing countries and rather high in the developed countries. It results from
the fact that technological progress in the former consists mainly in
the flow of technology from the technologically advanced firms (which
can be interpreted as firins with international capital) to the firms with
lower technology levels. In the developed countries, in turn, the levels
of technology are similar among different firms and technological prog-
ress results more from own research activity or from direct transfer of
the most advanced technologies in the world.

The richest countries have the highest discount rates and the poorest
countries tend to have much lower discount rates. For the latter, post-
poning current consumption in order to increase investments, which in
turn augment future consumption, makes it possible to achieve higher
rates of growth.

We can also draw conclusions about the construction of economic growth
models which include technological progress and human capital.

e To explain the observed cross-country differences, one needs hoth the

effects of human capital and technological progress.

The traditional approach, in which the growth rate of technology de-
pends solely on the level of R&D expenditures, does not seem to be
plausible — it contradicts the empirical observation that the technology
of countries with low levels of these expenditures can also grow fast.
Thus, it is essential to take the phenomenon of technology diffusion
into account.

The assumption that one country is the technological leader and the
rest of countries profit from the technology of the leader is rather
too simplified. Such an approach could be appropriate if the group
of countries that receive the frontier technology consisted only of the
most technologically underdeveloped ones. For the group of the OECD
countries, one should apply a model with technology flows between all
the countries and not only between the leader and other countries.
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The existence of countries with negative diffusion coefficients seems to
suggest that these countries are the suppliers of technology, rather than
receivers and/or R&D expenditures are allocated inefficiently. Hence,
a measure of efficiency of R&D expenditures should be introduced.

The processes of technology diffusion can be effectively described with
simulational models.

There are close relations between simulational and neoclassical models.
When the number of agents is large or they are close to identical (the
parameters that describe them are similar), the simulational models
reproduce the results of the neoclassical models. When, in turn, the
number of agents is smaller or their diversity is large, we observe big
fluctuations and clear cyclical behaviour. Such behaviour is an inherent
property of the real-world economies.

The amplitudes of fluctuations in the simulational models arc, for re-
alistic parameter values, similar to the real-world amplitudes. Hence,
this class of models can be regarded as the right tool to describe the
dynamics of the real-world economies.

Before we finish, let us point to the possible directions of further research
on the role of human capital and technological progress for economic growth:

the construction of more complex models of human capital and techno-
logical progress, taking into account technology diffusion and different
quality of schooling in different countries,

the introduction of a measure of efficiency of R&D expenditures in the
models of technological progress this would also make it possible to
more appropriately assess the role of technology dillusion,

the introduction of a more complex mechanism of technology diffusion
to take into account technology flows between all countries,

the implementation of more complex rules of behaviour of agents in
simulational models,

the introduction of more realistic models of human capital accumula-
tion,

the construction of simulational models with taxes and government
expenditures,

the introduction of a measure of fluctuations in simulational models
and the analysis of fluctuations in the real-world economies.

The answers to the questions about the mechanisms of economic growth
are very important from the point of view of economic policy and can help
to support economic growth, especially in the less developed countries. How-
ever, to find these answers, we need to further investigate the role of human
capital and technological progress — the most important determinants of
economic growth in the long-run.
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Appendix A

The solution of the
Manuelli-Seshadri model

In this Appendix, we present the full solution of the Manuelli-Seshadri
model, which was formulated in [59].

The income maximization problem of the representative individual has
the following form:

max /GR e (wh(a)(1 = n(a)) — z(a)) da — zg, (A1)
subject to the human capital dynamics equation:
h(a) = z, (n(a)h(a))" z(a)"? — dph(a),  a€[6,R), (A.2)
and the technology of early human capital formation h(6) = hg:
h(6) = hgp = hpz,. (A.3)

Human capital resource h(a) is the state variable and the control variables

are the fraction of time allocated to human capital accumulation n(a) and

the expenditures on market goods devoted to human capital formation z(a).
The hamiltonian of the problem (A.1)-(A.3) reads:

H = wh(a) (1 —n(a)) — z(a) + q(a) (zn (n(a)h(a))™ x(a) — 6ph(a))

(A4)
where g(a) is the costate variable. The first-order conditions are:
OH
n(a) >0t (A.5)
0H
oz(a) =0 (4.6)
0
i=- ahfi s (A7)
; oH
"= Baay e
where a € [6, R), with the transversality condition:
q(R) = 0. (A.9)
We obtain:
wh(a)n(a) = 1znq(a) (n(a)h(a))™ 2(a)? 2, (A.10)
(a) = 122nq(a) (n(a)h(a))™ z(a)™?, (A1)
i(a) = ra(a) - a(a) (vizn (n(@h(a))" (@) *h(a) " — &) — w (1 - n(a),
(A12)

!This condition holds with equality if n(a)<1.
*This condition is satisfied with equality if n(a) < 1.
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h(a) = 2, (n(a)h(@)" 2(a) " — Gyh(a). (A.13)

We will first find the expression for the expenditures on market goods
devoted to human capital accumulation. Equation (A.11) in the period of
the formal education (n(a) = 1) takes, after division by 272, the following
form:

1 1
x = (gh"™)T=72 (yazp) 72 . (A.14)
Let us begin with the expression in the first parentheses. Its growth rate
reads: . )
(gh) (4 h
== -]. A.15
g " Ty ( )

Substituting now into this equation the expression for the growth rates of ¢
(A12) and h (A.13), in which we set n = 1, we obtain:

(ghm) _
e =7+l -m). (A.16)
The solution to this equation is:
gh™ = qph}} e(f’ﬂih(l*m))(a*ﬁ)7 (A.17)

with ¢g = ¢(6) and hg = h(6). Substituting now expression (A.17) into
(A.14), we obtain the following equation for the expenditures during the
schooling period:

1 r+6p(1—71) (a—6)

z(a) = (gh} y2zn) ™2 €~ 172 (A18)

To find the analogous expression for the working period, we have to first
find g(a). We substitute (A.10) with equality (since n < 1) into (A.12) and
we obtain:

i =g+ ) —w. (A.19)

The above differential equation can be solved with the Laplace transform
method. Let us denote the Laplace transform of the function ¢(a) as Z{q(a)}
=Y(s). Then:

sY(s) = (r+6,)Y(s) — % (A.20)
After rearrangements. we obtain:
w
Y(s)= ——77-—. A2l
(s) S o) =9) (A.21)
Taking now the inverse Laplace transform. we have:
w
_ _ o~ (r+on)(R—a)
q(a) = — (1 e ) . (A.22)
Substituting this equation into (A.11), we obtain:
-y _ W _ o= (r+ép)(R—a) i
x = <1 e >’ygzh(nh) . (A.23)
Dividing (A.10) by (A.11), we have:
nh= "1z (A.24)

Yow'

Using this relationship in (A.23), we obtain:
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1oy _ W _—(r+6n)(R—a) n N\
T, (1 e )’Yzzh (7210:1:) M. (A.25)

After rearrangements, we obtain the final expression for the working period:

1
. V2 2\ T T
_ w Y2 V1 RRW _ o (r+ép)(R—a)) 1=
I(a) = T+ < (T+5h)’y > (1 e L ) ) (A.Qﬁ)

where v = v + Ya.

We will now find the optimal paths of human capital. Substituting ex-
pression (A.18) to the human capital dynamics equation (A.13), we obtain
a non-linear first-order differential equation:

1 72(r+6p(1—-71))

h= (g2 P ) Tm e Tor TR _g,h, (A.27)
Let us denote: )
A= B a) ™ (A2
op(1 —
p=2 00 -m) (A.29)
L—m

We thus obtain a differential equation of the Bernoulli equation form:
h= AeBe=Sp1 — 5, h. (A.30)
We can obtain a linear differential equation with the following substitution:
y=hl"". (A.31)
Thus: o

1oy
After substituting (A.31) and (A.32) into (A.30), we obtain a linear equation:

. (A32)

L —Y ony, (A.33)
I-m

where we have also set (a — 6) — a. This equation can be again solved by
the Laplace transform. We take:

2 {y(a)} = Y (s). (A34)
After Laplace transform of the whole equation (A.33), we obtain:

1
L=—m

(sv(s) —np ™) = % — 5 Y (s), (A.35)

where hy, ™ = y(0). After rearrangements, we obtain an expression for Y (s):

- pl-m Al =)
Y(s) = s+ 6}51 —m)  (s=B)(s+m(l-m))

(A.36)

Taking now the inverse Laplace transform, we have:

— _ _ A(l — ’yl) _ o~
— plmg=dn(l=m)a Ba on(l=m)a) A,
y(a) E e B (5’1(1 ’Yl) <6 € ) ( 37)

Returning to the variable h(a) and substituting explicit expressions for A
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and B, and finally setting a — (a — 6), we obtain the final expression for
h(a) in the schooling period:

1

hia) = hEe_(sh(“_G) <1 T (hg(l—”/)qu,ygﬂzh) fe=ry

_1
Yor 4+ 0p(1 — 1) ' ’

To find the analogous expression for the working period, we substitute the
expressions for z(a) (A.26) and g(a) (A.22):

ho = zp(nh) 2 — §ph = L oph =
a2

1

Y2 401 2\ T—v o4

(1%;ﬁ:§ﬁ;;_> (1 - a5 (a0
r h

Let us denote:

1
Y2471 Y2\ T—+
(P mw
C=|-—+—1"— , A0
( (r+dn) > ' ( )
m(a) = <1 — 67(’“*5’1)(127“)) . (A.41)

The considered differential equation has thus the form:
h(a) = Cm(a)l%w — oph(a). (A.42)

We look for the solution in the interval a € [6 + s, R]. The form of h implies
that the solution can be written in the form:

h(a) = e=9@=6=5) (h(6 4 s) + Cg(a)), (A.43)

where g(a) is the function we are looking for. Tt satisfies g(6 + s) = 0. We
thus have: _
h(a) = —0ph(a) + (@65 Cg(a). (A.44)

Comparing eqs. (A.42) and (A.44), we obtain:

g(a) = @69 (q)T7 (A.45)

The form of the function m(a) implies that the solution to this equation has
to be of the form:

u(a)
aw:D[ f(@)dz, (A 46)

onst
where D and const are constants and f and u are the functions we are
searching for. The derivative of the function g(a) has the form:

g(a) = Df (u(a)) u(a). (AA4T)

The upper limit of the integral (A.46) has to lead to the function m(a),
hence we have to assuine:

u(a) = @R, (A.48)
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Thus: 1
gla) = —e OB 5, D@R) () T3 (A.49)
6h —

E(Sh(a—ﬁ—s)

The function f in (A.46) thus has to have the form:

F@) = (1 _ z§—§> o (A.50)

The exponent (r + d3)/dy, is taken in order to eliminate terms of the a-
dependent form €™ in the function g(a). We obtain:

5 (a =
1 ey [ AN
g(a) = ae /65)1(6“_1%) de (1—x2 % , (A51)

where the lower limit of integration results from the condition g(6 + s) = 0.
Finally, after substituting the expression for the constant C, we have:

1
1 T2 o 2\ 17
h(a) = e~ On(a=6-5) (h(G +8)+ — <W>

5}1, (7' + 5}1)7
eSn(a—R) TN\ T
 oon(6+s—R) /e d (1 . sh,h) o > (A.52)
Jesn(6+s—R)

We will now find the expression for the fraction of time allocated to
human capital formation. In the schooling period n(a) = 1, by definition.
For a € [6 + s, R). equation (A.24) is satisfied. Dividing this equation by h
and substituting the expressions (or  and h, we obtain:

1

n(a) = m(a)™ —,

46 —
675h(a7576)7n(6+3)1+” + (r+8p,)e’n(i—a) fxu da <1 . Jghh> T—

710n Z6+s

where z, = e (‘“R)., Tets = en(6+s—R),

The solution will be complete, if we find the expressions for hg and ¢g.
Let us consider the case a = 6 + s. Eq. (A.11) implies that:

2

z(a)” = (v22n (n(a)h(a))™ q(a)) ™= . (A.54)

Substituting this expression into eq. (A.10) and taking n(6 + s) = 1 into
account, we can simplify to the following relationship between h(6 + s) and
q(6 + s):

1-v2 72

1 5—1
B6+5) =1 2wl g(6+s)T. (A.55)

We substitute this expression to eq. (A.17) and obtain:

wn (8, (1-m))=y)s A= 2=
— - —2 -2
q(6+s) = ——=———€ 12 ig “hg : (A.56)

Yia 172 L 1-72
M Y2 TR

From eq. (A.22), we have:

q(6 +s) =

). A.
— m(6+ s) (A57)
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Combining the two equations given above. we obtain the following relation-
ship between ¢ and hg:

1

) (1ers) Y1 (1=72) 1A N T
o (B O s N
(r—i—éh)l*W E

(A.58)
The variable g represents the costate variable for age a = 6. The parents
choose for their children such level of pre-school expenditures xp that the
income from such investment ggphp is maximal. If # = gqghgp — zg, the
optimal level of expenditures xp satisfies:

on
~T =0. A59
- (A.59)

Substituting hg = hpay, in the above equation, we obtain:
thBvx}i;l =1. (A.60)

Hence, ’
hi = (vhp) T+ gk . (A.61)

It is easy to check that it corresponds to the maximum of the function 7
(since v < 1). Substituting this equation into (A.58), we obtain:

1—v
e 0 s (- (0-92) a1 (0792 2102 1y 6 4 )1 |
= hpv? (r+ )1 :
(A.62)
Substituting (A.58) into (A.61), we have:

: 0
—1) (1= - = T C—

he = [ Bt wd—)( 72)731( “/2)7;1722;11 1 ’Ye*'UO”Jr(;h(l*’yl))S
(r+ )t 2m(6 4 s)72~ 1 ’
(A.63)

In this way, we obtained a complete set of expressions for z(a), h(a) and
n(a), dependent only on the model parameter values: s, w, 7, oy, 2, Y1, V2,
R, hp, v.
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Appendix B

The method of estimating the
technological parameters A
and ¢

The level of technology A is found from the Cobb-Douglas production func-
tion:
y=A"0, (B.1)

where y denotes the empirical GDP p.c., k — physical capital p.c., § = 0.315
for every country, according to Manuelli and Seshadri [59]. Hence,

A= (yk‘))m . (B.2)

The values of y and k for the OECD countries for the years 1960-1999, taken
from [57].

The rate of technological progress was found as the geometrical mean of
the growth rates of A for the last 10 years, i.e. the period 1989-1999. The
growth rate of A for an arbitrary period t is calculated from the following
equation:

A - A
gt 7141&71

where A; denotes the level of technology [or the year t.

(B.3)

Country symbols:
AUS — Australia,
AUT  Austria,
BEL Belgium,
CAN - Canada,
C7E — the Czech Republic,
DEN Denmark,
FIN Finland.

FRA - France,

GFER — Germany,
GRE — Greece,
HUN — Hungary,
IRL — Ireland,

ISL  Iceland,

ITA Ttaly,

JPN — Japan,

KOR — South Korea,
LUX — Luxembourg,
MEX  Mexico,
NED The Netherlands.
NZ7T. — New Zealand,
NOR - Norway,
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POT. — Poland,
POR - Portugal,
SPA  Spain,

SWE  Sweden,

SWI — Switzerland,
TUR — Turkey,

UK - United Kingdom,
USA  United States.
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Appendix C

The data on R&D expenditures
and the number of researchers
in the OECD countries

In the tables below, we show the data on R&D expenditures and the number
of researchers per 1000 employed in the OECD countries.

Under the notion of research and development we understand all system-
atic activities aiming at increasing knowledge and using it in practice. The
measure of R&D expenditures that we use is Gross domestic Expenditure
on R&D (GERD), which consists of all rescarch expenditures of domes-
tic firms, universities, research institutes, government laboratories etc. The
foreign expenditures of domestic subjects are not included.

Under the notion of a researcher we understand all workers of domes-
tic research entities, which create new knowledge and also new products,
processes and methods. Project managers are also included.

The missing data in the following tables were supplemented with inter-
polated values.

Table C.1: R&D expenditures in the OECD countries as a fraction of
GDP in the period 1981-1990

Country | 1981 | 1982 | 1983 | 1984 | 1985 | 1986 | 1987 | 1988 | 1989 | 1990
AUS 095 | 1.02 | 1.10 | 1.17 | 1.24 | 1.29 | 1.33 | 1.38 | 1.43 | 1.47
AUT 113 | 116 | 119 | 1.21 | 1.24 | 1.28 | 1.32 | 1.36 | 1.39 | 1.43

BEL 162 | 162 | 1.62 | 162 | 1.62 | 1.62
CAN | 1.24 | 129 | 134 | 1.39 | 1.44 | 147 | 1.49 | 1.52 | 1.55 | 1.57
CZE - - - - - - - - - -

DEN 1.06 | 1.10 | 1.14 | 1.17 | 1.21 | 1.28 | 1.35 | 1.43 | 1.50 | 1.57
FIN 1.17 | 1.27 | 136 | 146 | 1.55 | 1.63 | 1.71 | 1.79 | 1.87 | 1.95
FRA 193 | 200 | 208 | 2.15 | 2.22 | 2.25 | 2.27 | 230 | 2.32 | 2.35
GER 243 | 249 | 256 | 2.62 | 2.68 | 266 | 2.63 | 2.61 | 2.58 | 2.56
GRE 0.17 | 0.20 | 0.22 | 0.25 | 0.27 | 0.29 | 0.30 | 0.32 | 0.33 | 0.35
HUN - - - - - - - - - -
IRL 068 | 0.70 | 0.73 | 0.75 | 0.77 | 0.80 | 0.82 | 0.85 | 0.88 | 0.90
ISL 064 | 0.67 | 069 | 0.72 | 0.74 | 0.81 | 0.89 | 0.96 | 1.03 | 1.11
ITA 088 | 094 | 1.00 | 1.06 | 1.12 | 1.14 | 1.16 | 1.18 | 1.19 | 1.21
JPN 211 | 222 | 233 | 243 | 2.54 | 258 | 261 | 265 | 2.68 | 2.72
KOR
MEX
NED 1.79 | 1.84 | 1.89 | 194 | 1.99 | 1.99 | 1.98 | 1.98 | 1.98 | 1.97
N7L 099 | 0.99 | 099 | 0.99 | 0.99 | 0.99 | 0.99 | 0.99 | 0.99 | 0.99
NOR 117 | 1.25 | 1.33 | 1.40 | 1.48 | 1.51 | 1.53 | 1.56 | 1.59 | 1.61
POL - - - - - - - - - -
POR 030 | 0.32 | 0.34 | 0.36 | 0.38 | 0.42 | 0.46 | 0.50 | 0.53 | 0.57
SPA 041 | 0.44 | 047 | 0.50 | 0.53 | 0.58 | 0.63 | 0.69 | 0.74 | 0.79
SWE 217 | 2.31 | 244 | 258 | 2.71 | 2071 | 271 | 271 | 270 | 2.70
SWI 218 | 2.34 | 2.50 | 2.66 | 2.82 | 279 | 277 | 2.74 | 2.71 | 2.69
TUR - - - - - - - - - -

UK 238 | 235 | 231 | 2.28 | 2.24 | 221 | 218 | 216 | 2.13 | 2.10
USA 234 | 245 | 255 | 2.66 | 2.76 | 275 | 205 | 2.74 | 2.73 | 2.73

Source: [81].
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Table C.2: R&D expenditures in the OECD countries as a fraction of
GDP in the period 1991-1999

Country | 1991 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998 | 1999
AUS 1.52 | 1.55 | 1.58 | 1.60 | 1.63 | 1.66 | 1.59 | 1.51 1.52
AUT 147 | 149 | 1.52 | 1.54 | 1.56 | 1.60 | 1.71 1.78 | 1.85
BEL 1.62 | 1.65 | 1.67 | 1.70 | 1.2 | 1.80 | 1.87 | 1.90 | 1.96
CAN 1.60 | 1.63 | 1.66 | 1.69 | 1.72 | 1.68 | 1.68 | 1.79 | 1.81
CZE 202 | 1.77 | 152 | 126 | 1.01 | 1.04 | 1.16 | 1.24 | 1.24
NDEN 164 | 169 | 1.74 | 1.79 | 1.84 | 1.85 | 1.94 | 2.06 | 2.19
FIN 203 | 209 | 216 | 222 | 228 | 2.54 | 2.71 | 2.88 | 3.23
FRA 237 236 | 234 | 2.33 | 2.31 | 230 | 2.22 | 2.17 | 2.18
GER 253 | 246 | 240 | 233 | 2.26 | 2.26 | 2.29 | 2.31 | 2.44
GRE 0.36 | 0.39 | 043 | 0.46 | 0.49 | 0.50 | 0.51 | 0.59 | 0.67
HUN 1.06 | 0.98 | 0.90 | 0.81 | 0.73 | 0.65 | 0.72 | 0.68 | 0.69
IRL 0931102 111 | 119 | 128 | 1.32 | 1.29 | 1.25 | 1.22
1ST. T8 | 1.28 | 1.38 | 1.47 | 1.57 | 1.73 | 1.88 | 2.07 | 2.39
ITA 123 | 1.17 | 1.12 | 1.06 | 1.00 | 1.01 | 1.05 | 1.07 | 1.04
JPN 275 | 274 | 272 | 271 | 269 | 2.77 | 2.83 | 2.94 | 2.94
KOR 1.92 | 207 | 221 | 236 | 250 | 2.60 | 2.69 | 2.55 | 2.47
MEX 0.22 1 0.24 | 0.27 | 0.29 | 0.31 | 0.31 0.34 | 0.38 | 043
NED 197 | 1.98 | 1.98 | 1.99 | 1.99 | 2.01 | 2.04 | 1.94 | 2.02
N7T. 098 | 098 | 097 | 0.97 | 0.96 | 1.04 | 1.11 1.07 | 1.03
NOR 1.64 | 1.66 | 1.67 | 1.69 | 1.70 | 1.67 | 1.64 | 1.65 | 1.65
POL 0.69 | 0.69 | 0.69 | 0.69 | 0.69 | 0.71 | .71 | 0.72 | 0.75
POR 0.61 | 0.60 | 0.59 | 0.538 | 0.37 | 0.60 | 0.62 | 0.69 | 0.75
SPA 0.84 | 0.83 | 0.83 | 0.82 | 0.81 | 0.83 | 0.82 | 0.89 | 0.88
SWE 270 | 286 | 3.03 | 3.19 | 3.35 | 3.45 | 3.54 | 3.60 | 3.65
SWI 2.66 | 2.67 | 269 | 270 | 272 | 2.73 | 2.71 | 2.68 | 2.66
TUR 0.03 | 049 | 046 | 0.42 | 0.38 | 045 | 049 | 0.50 | 0.63
UK 207 | 204 | 201 | 1.98 | 1.95 | 1.88 | 1.81 | 1.80 | 1.88
USA 272 | 267 | 262 | 2.56 | 2.51 | 2.55 | 258 | 2.60 | 2.65

Source: [81].

Table C.3: The number of researchers per 1000 employed in the OECD

countries 1981-1990
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Country | 1981 | 1982 | 1983 | 1984 | 1985 | 1986 | 1987 | 1988 | 1989 | 1990
AUS 362 | 3.83 | 405 | 426 | 427 | 489 | 499 | 521 | 5.34 | 547
AUT 1.78 | 1.85 | 1.92 | 1.98 | 2.05 | 2.12 | 2.18 | 2.25 | 2.31 | 2.55
BEL 3.44 | 3.67 | 3.72 | 3.85 | 4.07 | 430 | 4.37 | 4.44 | 4.63 | 4.66
CAN 3.52 | 3.97 | 4.08 | 4.25 | 4.43 | 470 | 472 | 4.79 | 479 | 4.90
CZE 1.88 | 1.97 | 205 | 2.09 | 2.07 | 213 | 2.20 | 2.21 | 2.22 | 2.27
DEN 283 | 3.01 | 3.17 | 3.26 | 3.34 | 3.46 | 3.69 | 3.87 | 4.11 | 4.35
FIN 3.89 | 3.89 | 3.89 | 4.00 | 411 | 422 | 433 | 475 | 5.16 | 5.58
FRA 3.87 | 4.06 | 4.18 | 448 | 4.67 | 477 | 495 | 516 | 532 | 542
GER 4.68 | 4.84 | 499 | 517 | 535 | 5.59 | 5.83 | 592 | 6.01 | 6.14
GRE 1.26 | 1.32 | 1.38 | 1.40 | 1.39 | 1.43 | 1.48 | 1.48 | 1.49 | 1.61
HUN 261 | 274 | 286 | 2.91 | 2.87 | 297 | 3.06 | 3.08 | 3.09 | 3.15
IRL 184 | 1.99 | 218 | 240 | 2.52 | 268 | 299 | 3.21 | 3.67 | 3.96
ISL 793 | 832 | 867 | 884 | 872 | 9.00 | 9.28 | 9.33 | 9.38 | 9.56
1TA 244 | 2.65 | 294 | 2.89 | 2.94 | 311 | 3.23 | 3.39 | 3.42 | 3.44
JPN 5.26 | 5.39 | 574 | 589 | 6.24 | 6.41 | 6.75 | 6.98 | 7.24 | 7.44
KOR 4.01 | 421 | 438 | 447 | 441 | 455 | 4.69 | 4.72 | 4.74 | 4.83
MEX 035 | 0.37 | 0.39 | 0.39 | 0.39 | 0.40 | 0.41 | 0.42 | 0.42 | 0.43
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NED 335 | 3.75 | 4.15 | 4.22 | 4.28 | 4.19 | 4.10 | 410 | 4.10 | 4.24
NZL 336 | 3.52 | 3.67 | 3.74 | 3.69 | 3.81 | 3.93 | 3.95 | 3.97 | 4.12
NOR 3.81 | 3.94 | 422 | 454 | 4.77 | 5.07 | 5.36 | 562 | 5.87 | 6.24
POL 244 | 256 | 2.67 | 2.72 | 2.68 | 2.77 | 2.86 | 2.87 | 2.89 | 2.94
POR 097 | 1.02 | 1.04 | 1.10 | 1.27 | 1.42 | 1.49 | 1.55 | 1.65 | 1.74
SPA 1.53 | 1.50 | 1.56 | 1.68 | 1.78 | 1.99 | 2.05 | 2.33 | 2.37 | 2.62
SWE 4.20 | 435 | 4.50 | 4.77 | 5.04 | 5.10 | 5.16 | 541 | 5.65 | 5.77
SWI 3.66 | 3.84 | 400 | 4.08 | 4.02 | 4.15 | 4.17 | 418 | 4.20 | 4.27
TUR 049 | 0.51 | 0.54 | 0.55 | 0.54 | 0.56 | 0.57 | 0.58 | 0.58 | 0.539
UK 4.89 | 5.02 | 4.99 | 496 | 498 | 5.08 | 4.97 | 490 | 4.63 | 4.61
USA 661 | 694 | 7.23 | 7.37 | 7.27 | V.51 | .74 | 7.718 | 7.82 | 7.97

Source: [82].

Table C.4: The number of researchers per 1000 employed in the OECD
conntries 1991-1999

Country | 1991 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998 | 1999
AUS 6.11 | 6.75 | 6.86 | 6.96 | 7.14 | 7.31 7.30 7.28 7.48
AUT 2.79 | 3.03 | 3.27 | 3.55 | 3.83 | 4.10 4.38 4.66 4.79
BEL 469 | 509 | 548 | 592 | 6.07 | 6.53 6.76 6.97 7.41
CAN 514 | 5.51 | 5.71 | 6.38 | 6.38 | 6.55 6.62 6.61 6.67
C7E 231 | 2.32 | 2.34 | 2.33 | 2.31 2.51 2.43 2.49 2.80
DEN 4.58 | 495 | 534 | 571 | 6.07 | 6.29 6.52 6.70 6.88
FIN 599 | 6.72 | 744 | 7.82 | 8.20 | 10.25 | 12.30 | 13.85 | 14.51
FRA 567 | 6.23 | 6.50 | 6.64 | 6.67 | 6.80 6.77 6.71 6.78
GER 6.26 | 6.23 | 6.21 | 6.18 | 6.15 | 6.14 6.29 6.27 6.63
GRE 1.72 | 194 | 216 | 235 | 2.54 | 2.72 2.90 3.32 3.74
HUN 3.21 | 3.02 | 3.09 | 3.13 | 2.90 | 2.89 3.09 3.19 3.31
TRT. 4.44 | 475 | 4.09 | 431 | 449 | 4.82 5.02 5.06 4.86
18T 9.74 | 9.81 | 9.88 | 9.82 | 9.75 | 10.15 | 10.54 | 10.84 | 11.14
ITA 3.27 | 3.25 | 333 | 3.44 | 3.43 | 3.45 2.96 2.91 2.87
JPN 749 | 7.71 | 791 | 812 | 8.27 | 9.21 9.24 9.71 9.88
KOR 492 | 496 | 5.00 | 496 | 493 | 4.77 4.84 4.65 4.94
MEX 043 | 044 | 044 | 0.52 | 0.58 | 0.57 0.58 0.54 0.56
NED 4.37 | 4.51 | 464 | 489 | 485 | 4.86 5.04 5.08 5.08
NZT. 3.96 | 5.06 | 5.26 | 5.00 | 4.74 | 5.47 6.20 6.21 6.22
NOR 6.61 | 6.92 | 7.23 | 7.39 | 7.54 | .71 7.88 7.93 7.97
POL 3.00 | 3.02 | 3.04 | 3.02 | 3.18 | 3.27 3.41 3.41 3.56
POR 1.88 | 2.05 | 219 | 229 | 2.59 | 2.77 2.95 3.09 3.25
SPA 2.79 | 290 | 3.11 | 3.45 | 3.35 | 3.60 3.65 3.93 3.88
SWE 5.89 | 6.53 | 7.17 | 7.69 | 8.21 | 8.70 9.18 9.39 9.59
SWIT 434 | 441 | 470 | 5.00 | 5.29 | 5.58 5.80 5.96 6.13
TUR 0.62 | 0.65 | 0.70 | 0.73 | 0.78 | 0.86 0.90 0.88 0.92
UK 4.57 | 4.71 | 4.82 | 4.89 | 5.26 | 5.18 5.13 5.49 5.64
USA 8.12 | 818 | 8.24 | 819 | 8.13 | 8.46 8.79 9.04 9.29

Source: [82].

Table C.5: Research human capital resonrces in the OECD countries
for 1981-1990

Country | 1981 | 1982 | 1983 | 1984 | 1985 | 1986 | 1987 | 1988 | 1989 | 1990
AUS 341 368 389 414 419 485 500 527 545 564
AUT 127 133 140 146 152 159 165 172 179 199
BEL 307 331 339 354 378 403 414 425 447 455
CAN 365 416 432 455 479 513 520 533 538 556
CZE 167 177 187 192 191 199 208 211 214 220
DEN 268 288 306 318 329 345 371 393 422 451
FIN 396 400 404 420 436 452 468 518 569 621
FRA 259 274 285 309 325 335 351 370 385 396
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GER
GRE
HUN
IRL
ISL
ITA
JPN
KOR
MEX
NED
NZL
NOR
POL
POR
SPA
SWE
SWI
TUR
UK
USA

451
94
176
157
604
157
432
388
22
330
331
408
139
41
94
482
315
22
433

668

471
99
187
171
640
173
447
412
23
374
352
426
148
43
94
505
334
23
449
709

491
105
197
189
673
193
481
433
24
418
370
461
155
44
98
527
351
25
450
746

513 537
108 107
203 202
210 223
693 691
192 197
498 533
446 444
25 25
428 439
381 379
501 532
160 159
47 55
107 114
564 602
361 360
25 25
452 458
768 765

566
112
211
240
720
211
553
463
26
434
396
570
166
63
129
616
375
26
472
797

596
117
219
270
750
221
588
483
27
429
412
610
173
66
134
629
381
27
467
831

612
118
223
293
762
234
614
490
27
434
418
645
176
70
154
666
386
28
465
843

627
120
226
338
773
239
643
497
28
438
425
681
178
75
158
703
391
28
444
856

647
131
233
368
796
243
668
512
28
457
445
731
184
80
177
725
402
29
446
881

Source: own computations based on Tabs. C.3, C.4, 2.9 and 2.11.

Table C.6: Research human capital resonrces in the OECD countries
for 1991-1999

Country | 1991 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998 | 1999
AUS 637 | 710 | 729 | 747 | 774 | 800 | 807 | 813 | 844
AUT 220 | 241 | 263 | 288 | 314 | 340 | 367 | 394 | 409
BEL 462 | 506 | 551 | 601 | 622 | 676 | 707 | 736 | 791
CAN 589 | 638 | 668 | 754 | 761 | 789 | 806 | 813 | 828
C7F 227 | 231 | 235 | 236 | 236 | 259 | 254 | 262 | 298
DEN 479 | 523 | 570 | 615 | 661 | 692 | 724 | 7h2 | 780
FIN 674 | 763 | 854 | 907 | 960 | 1213 | 1470 | 1671 | 1769
FRA 419 | 465 | 490 | 505 | 513 | 528 | 331 | 831 | 542
GER 666 | 670 | 674 | 678 | 681 | 687 | T11 716 | 764
GRE 142 | 161 181 199 | 217 | 235 | 253 | 293 | 333
HUN 239 | 228 | 235 | 241 | 225 | 227 | 245 | 255 | 267
TRT. 417 | 451 | 392 | 417 | 439 | 476 | 501 a10 | 495
ISL 819 | 833 | 848 | 851 | 833 | 897 | 941 | 978 | 1015
ITA 233 | 234 | 242 | 252 | 254 | 258 | 224 | 222 | 221
JPN 679 | 706 | 732 | 758 | 780 | 878 | 889 | 944 | 970
KOR 527 | 536 | 545 | H47 | 549 | 536 | 550 | 533 | 572
MEX 29 30 30 36 41 40 42 39 41
NED 476 | 496 | 516 | 549 | 550 | 557 | 383 | 590 | 899
NZL 432 | 558 | 583 | 562 | 538 | 627 | 718 | T26 | T35
NOR 782 | 827 | 873 | 901 | 929 | 959 | 990 | 1006 | 1022
POL 189 | 192 | 196 | 196 | 209 | 217 | 228 | 231 | 243
POR 87 96 103 | 109 | 125 | 135 | 145 | 153 | 163
SPA 190 | 200 | 216 | 242 | 238 | 258 | 264 | 287 | 287
SWE 747 | 837 | 928 | 1005 | 1084 | 1159 | 1236 | 1276 | 1317
SWI 413 | 423 | 456 | 489 | 523 | 558 | 585 | 608 | 631
TUR 31 33 35 37 40 45 47 47 50
UK 447 | 465 | 480 | 492 | 535 | 532 | 532 | 575 | 597
USA 907 | 923 | 939 | 942 | 945 | 993 | 1042 | 1082 | 1123

Source: own computations hased on Tabs. C.3, C4, 2.9 and 2.11.
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Appendix D

Random number generation

A very important issue in the context of Monte Carlo simulations is the
correct generation of random numbers from a given statistical distribution.
In particular, the obtained numbers should be independent from each other.
This means that the conditional probability of generating any number z;
subject to the fact that the previous number was z;_1 should equal the
unconditional probability of generation of z;.

To generate random numbers from the uniform distribution on the in-
terval (0,1) we use the following algorithm:

1. Choose an irrational number seed and a large integer mult.
2. Calculate the fractional part of seed and denote it SEED.

3. Calculate & = modf(i * modf(i * SEED)) * mult 4+ 0.5, where "modf”
denotes the fractional part and the index ¢ numbers the generated
random numbers.

4. The i-th generated random number is z; = mod[(§;*mod((§xSEED)).

Iterating the algorithm for ¢ = 1,2,..., we obtain a sequence of random
numbers. To be precise, these are pseudorandom numbers, because they
result from an algorithm. Thus, if we restart the algorithm from the same
values of seed and mult, we will obtain the same sequence of numbers as
before. This makes it possible to repeat every simulation.

As we have shown, the obtained sequence of numbers is not truly random.
However, what is really important from the point of view of a simulation is
that every number from a given probability distribution occurs with equal

Figure D.1: The first-order correlations for different generators of the
nniform distribution. (left) sced = /5, (right) seed = 0.1

frequency. To check the quality of pseudorandom numbers, we can calculate
the so-called first-order correlations between the numbers. We divide the
sequence into pairs (z1,22), (z3,24), (5, 26), - - -, which represent the inner
points of a unit square. If the pattern of points inside the square is uniform
(if no regular patterns occur), we can conclude that the quality of random
numbers is sufficient for Monte Carlo simulations.
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Appendix D: Random number generation

Fig. D.1 shows the first-order correlations for two different generators
of random numbers, which differ only in the value of the parameter seed
(mult = 123456789 in both cases). On the left, we observe no clear pattern,
i.e. a uniform distribution of points. This means that the random numbers
are sufficiently random. On the right, we can see a clear pattern which means
that some pairs of numbers occur more frequently than some other pairs
such random number generator should not be thus used in Monte Carlo
simulations.

If we want to generate a number form a uniform distribution on an
arbitrary interval (a,b), it is enough to rescale the generated numbers z;:
z; — br; + a.

If we want to obtain a sequence of pseudorandom numbers from a normal
distribution with an expected value of & and a standard deviation o, we
should use the Box-Muller transformation:

Yi = \/Tnmicos 2l (D.1)

If the numbers x; and x} come from independent uniform distributions on
the interval (0,1), then the numbers oy; + Z will come from the assumed
normal distribution.

Figure 1).2: The first-order correlations for different generators of the
standardized normal distribution. (left) sced = v/5, (right) seed = 0.1

Fig. D.2 shows the first-order correlations for a good random number
generator (left panel; we observe a nearly circular shape; inside a unit circle
we have approx. 68.3% of points; inside a circle of radius 30 we observe
approx. 99.7% points) and for a bad generator (right panel; we observe clear
patterns, which indicate the presence of correlations between subsequent
numbers).
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